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Abstract
We find the GKO coset construction of the dimension 4 Casimir operator that contains
the quartic WZW currents contracted with completely symmetric SU(N) invariant tensors of
ranks 4, 3, and 2. The requirements, that the operator product expansion with the diagonal
current is regular and it should be primary under the coset Virasoro generator of dimension 2,
fix all the coefficients in spin-4 current, up to two unknown coefficients. The operator product
expansion of coset primary spin-3 field with itself fixes them completely. We compute the
three-point functions with scalars for all values of the ’t Hooft coupling in the large N limit.
At fixed ’t Hooft coupling, these three-point functions are dual to that found by Chang and
Yin recently in the undeformed AdS3 bulk theory (higher spin gravity with matter).
1 Introduction
It was conjectured in [1] that the large N limit of the WN (WZW coset) minimal model
[2, 3, 4, 5] is dual to a particular AdS3 higher spin theory of Vasiliev [6, 7, 8]. The bulk
theory has an infinite tower of massless fields with spins s = 2, 3, · · · coupled to two complex
scalars. The higher spin Lie algebra, where a free parameter λ is present, describes interactions
between the higher spin fields and the scalars. The scalars have equal mass determined by
the algebra, M2 = −(1 − λ2). They are quantized with opposite boundary conditions and
their conformal dimensions are h+ =
1
2
(1 + λ) and h− =
1
2
(1 − λ). The boundary theory is
an AN−1 (WZW coset) minimal model which has a higher spin WN symmetry generated by
currents of spins 2, 3, · · · , N [9]. See also [10] for a detailed description of WN -symmetry in
conformal field theory. The theory is labeled by two positive integers N and k where k is
the level of the WZW current algebra. The above bulk mass parameter is identified with the
boundary ’t Hooft coupling λ = N
N+k
which is fixed in the large N limit.
Recently, in [11], the partition function of the WN minimal model was obtained. Due
to the fact that certain states become null and decouple from correlation functions (and
therefore have to be removed from the spectrum), the careful limiting procedure shows that
the resulting states that survive exactly match the gravity prediction for all values of the ’t
Hooft coupling. In this computation, they have considered the ‘strict’ infinite N limit where
the sum of the number of boxes and antiboxes in the Young tableau has maximum value in the
conformal field theory partition function. Furthermore, the zero mode eigenvalues (extension
of the conformal dimensions) of the primary generators for spins s = 2, 3, 4 are computed
by using the classical Miura transformation (nonprimary basis) and transforming to primary
basis, based on the work of [12]. Similarly, the eigenvalues in bulk higher spin algebra by
using the Drinfeld-Sokolov reduction [13] are also computed with an appropriate limit. The
degenerate representations of the two algebras match.
In [14], the three point functions with scalars at tree level in the undeformed bulk theory
(with an appropriate normalization) are computed and then this result is compared to the
three-point functions in the WN minimal model, in the large N limit, at ’t Hooft coupling
λ = 1
2
. In particular, they have checked for spin-3 current and made predictions for the three-
point functions of spin s ≥ 4, at fixed ’t Hooft coupling λ = 1
2
, in the WN coset conformal
field theory.
In this paper, we would like to compute the three-point functions for spin-4 current in the
WN minimal model, in the large N limit, for all values of ’t Hooft coupling. So, at first, one
need to find spin-4 (or dimension-4) Casimir operator in theWN minimal model. So far, there
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are no known coset generators of spin greater than 3, although some partial attempts to this
direction can be seen from the work of [15, 10]. The main obstacles to construct the coset
generators of spin greater than 3 are that it is not straightforward to find the right candidate
for the coset generator. For spin-3 generator, there are only four independent terms that can
be written in terms of two kinds of WZW currents and then they are cubic in these currents.
As a spin s increases, the possible terms are increased very fast. Once a candidate for the
higher spin generator is constructed, then one should discover all the coefficient functions, by
using both
1) the operator product expansion of diagonal spin-1 current and higher spin generator
should not contain any singular terms and
2) the higher spin generator should transform as a primary field of dimension-4 under the
coset spin-2 Virasoro generator.
For the spin-3 case described in [5, 16], the only overall coefficient is not determined from
the above two requirements. For the spin-4 case in this paper, in general, there exist two
unknown coefficients which depend on the levels and N . From the higher spin representa-
tions, one can find a linear equation between these two coefficients. Moreover, the operator
product expansion of spin-3 with itself restricts to these two coefficients. It turns out that all
the coefficients are fixed completely and we are left with the spin-4 coset Casimir operator
described in [5] (its explicit expression is not known so far and we present them for the first
time in this paper).
Although there is a mathematica package for the operator product expansion by Thiele-
mans [17] some time ago, one should perform all the computations by hand because one is
interested in the case where the N is arbitrary. Of course, for example, one can compute the
operator product expansion for N = 4 with SU(4) group using his package and check whether
the calculations by hand are correct or not. For all the computations on the operator product
expansions in this paper, his package for N = 4 has been used, as a consistency check 1.
In section 2, after reviewing the basic contents on the two dimensional conformal field
theory in the context of WZWmodel, we construct spin-4 Casimir operator using a completely
symmetric traceless tensor d symbol of rank 4. A generalization of [4, 5] to higher spin-4
current is described.
In section 3, after reviewing the Goddard, Kent and Olive (GKO) construction [2, 3], we
find coset spin-4 Casimir operator. There are twenty three independent terms. Along the line
of [16], we describe the large N limit of this coset spin-4 Casimir operator. We compute the
1Of course, the computations for N = 3 are simpler than those for N = 4, but the former does not tell us
any nontrivial checks for the quartic Casimir operator because the d symbol of rank 4 is zero identically. For
the computations that do not involve this d symbol, it is O.K. to take N = 3 for consistency check.
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three-point functions with scalars and compare to the recent findings by Chang and Yin [14].
In section 4, we summarize what we have found in this paper and describe the relevant
future works.
In the Appendices, we present all the details that are necessary to the sections 2, and 3.
There exist some relevant papers [18]-[38] which are related to the work of [1] and see also
[39] where the quantum Miura transformation is introduced and the spins-3 and 4 primary
fields are constructed from free massless scalar fields. Of course, these fields are quantum
version of [12, 11], but it is not clear, at the moment, how the eigenvalues of a Casimir operator
of order 4 have two arbitrary constants. It would be interesting to analyze the eigenvalues of
the primary fields and to find the precise relations with the work of [11] further.
2 The fourth-order Casimir operator of SU(N)
2.1 Review
The conformal field J(z) takes values in the Lie algebra SU(N) and its components Ja(z)(a =
1, 2, · · · , N2−1) with respect to an antihermitian basis T a where Tr(T aT b) = −δab satisfy the
operator product expansion defined as [10]
Ja(z)J b(w) = − 1
(z − w)2kδ
ab +
1
(z − w)f
abcJc(w) + · · · , (2.1)
where the positive integer k is the level and fabc are the structure constants of SU(N). The
dots stand for the regular terms in the limit z → w.
The Sugawara stress energy tensor corresponding to the second order Casimir operator,
in terms of currents Ja(z), is given by
T (z) = − 1
2(k +N)
(JaJa)(z), (2.2)
where the normal ordered field product denoted by brackets [10] is assumed. By using the
operator product expansion (2.1), one can compute the operator product expansion between
T (z) and T (w) and it turns out the well-known result 2
T (z)T (w) =
1
(z − w)4
c
2
+
1
(z − w)22T (w) +
1
(z − w)∂T (w) + · · · . (2.3)
2Notice that the singular term 1(z−w)4 in (2.3) comes from the series expansions of
1
(z−x) and
1
(z−x)2 with
respect to x around w where x is an intermediate contour integral variable [4]. This operator product expansion
(2.3) can be written in terms of a commutator relation for the modes Lm where T (z) =
∑
m∈Z
Lm
zm+2
as follows:
[Lm, Ln] =
∮
C0
dw
2piiw
n+1
∮
Cw
dz
2piiz
m+1T (z)T (w) = (m− n)Lm+n + c12m(m2 − 1)δm+n,0 [10].
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The central charge c is read off and it is found to be
c =
k
k +N
(N2 − 1). (2.4)
Furthermore, the current Ja(z) is primary field of dimension 1 with respect to (2.2) as
follows:
T (z)Ja(w) =
1
(z − w)2J
a(w) +
1
(z − w)∂J
a(w) + · · · . (2.5)
The standard way to obtain this operator product expansion (2.5) is to compute the operator
product expansion between Ja(z) and T (w) first. Then one reverses the arguments z and w
and uses the series expansion around w. Note Ja(z)T (w) = 1
(z−w)2
Ja(w) + · · ·. The stress
energy tensor (2.2) has dimension 2.
The third-order Casimir operator for SU(N) is defined as [4]
Q(z) ≡ dabc(Ja(J bJc))(z), (2.6)
where dabc are the d-symbols of SU(N) and they are completely symmetric traceless SU(N)-
invariant tensor of rank 3 3. This is unique choice for the dimension 3 operator because the
other choice dabc((JaJ b)Jc)(z) reduces to the one (2.6) above by using the property (A.3) in
this paper and the relation (A.15) of [4].
Let us introduce the dimension 2 operator
Qa(z) ≡ dabcJ bJc(z). (2.7)
For the computation of the operator product expansion Q(z)Q(w), it is convenient to use this
dimension 2 operator as well. The dimension 2 operator fabcJ bJc(z) is nothing but N∂Ja
which can be obtained by using the identities (A.2) of this paper and (A.10) of [4]. Then it
is straightforward to compute the following operator product expansions from the relations
(2.6) and (2.7) [4]
Ja(z)Qb(w) = − 1
(z − w)2 (2k +N)d
abcJc(w) +
1
(z − w)f
abcQc(w) + · · · , (2.8)
Ja(z)Q(w) = − 1
(z − w)23(k +N)Q
a(w) + · · · . (2.9)
We have used the properties (A.6) and (A.10) in order to obtain the operator product expan-
sion (2.8) and similarly, the relations (A.2) and (A.3) are used for the operator product expan-
sion (2.9). One can compute the commutator, [Ja0 , Q
b(w)] =
∮
w
dz
2pii
Ja(z)Qb(w) = fabcQc(w),
3 From now on, we denote this normal ordered product without any brackets, for simplicity. That is,
(Ja(JbJc))(z) = JaJbJc(z). We follow the convention for the fully normal ordered product given in [4].
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where Ja0 is a Fourier component J
a
0 =
∮
dz
2pii
Ja(z) and the operator product expansion (2.8) is
used. This implies that the field Qa(z) transforms under the adjoint representation of the hori-
zontal finite dimensional Lie algebra SU(N). Similarly, from the commutator, [Ja0 , Q(w)] = 0,
in which we used the fact that there is no 1
(z−w)
term in the operator product expansion (2.9),
the field Q(z) transforms under the singlet of the horizontal finite Lie algebra SU(N) 4.
Furthermore, the fields Qa(z) and Q(z) are primary fields of dimension 2 and 3, with
respect to the stress energy tensor (2.2), respectively
T (z)Qa(w) =
1
(z − w)22Q
a(w) +
1
(z − w)∂Q
a(w) + · · · , (2.10)
T (z)Q(w) =
1
(z − w)23Q(w) +
1
(z − w)∂Q(w) + · · · , (2.11)
where we have used the properties (A.1) and (A.3) in order to simplify the terms 1
(z−w)4
and 1
(z−w)3
in (2.10) respectively. For the computation of the operator product expansion
(2.11), we have used the fact that there is no singular term in the operator product expansion
Ja(z)Qa(w) from the relation (2.8) and this is the reason why there are no higher order
singular terms in the equation (2.11).
The singlet algebra (or Casimir algebra) of primary fields of dimension 3, Q(z), and
dimension 2, T (z), together with the operator product expansions (2.3) and (2.11), can be
obtained by computing the operator product expansion Q(z)Q(w) explicitly [4]. In general,
the new primary field of dimension 4 arises in this operator product expansion. However, for
N = 3, k = 1, the new spin 4 primary field vanishes identically.
2.2 Fourth order Casimir
How one can determine the fourth-order Casimir of SU(N) with N > 3? The completely
symmetric traceless d symbols are introduced by Schoutens in [40] (See also [41]) as follows:
dabcd = dabedecd + dacedebd + dadedebc − 4(N
2 − 4)
N(N2 + 1)
(
δabδcd + δacδbd + δadδbc
)
. (2.12)
The N -dependent coefficient above can be fixed by requiring that this d tensor of rank 4
should be traceless. When the indices a, b are equal, b = a, the first term of (2.12) vanishes
due to the property (A.1), the second and third terms of (2.12) contribute to 4
N
(N2 − 4) via
the identity (A.4), the fourth term contains (N2 − 1) and the fifth and sixth terms of (2.12)
4 Also the stress energy tensor T (z) is a singlet under the horizontal (finite-dimensional) subalgebra SU(N)
of ŜU(N) because the operator product expansion between Ja(z) and T (w) does not contain 1(z−w) term as
before and the commutator [Ja0 , T (w)] vanishes.
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contribute to 1. Therefore, the requirement daacd = 0 implies that the N dependent coefficient
should be − 4(N2−4)
N(N2+1)
. The symmetric property between the indices of dabcd can be seen from
the relation (2.12) by using the symmetry in the symmetric tensors dabc and δab. The higher
order d tensors of rank greater than 4 are also introduced in [42] 5.
There were some attempts, by Watts in [15] and by Bouwknegt and Schoutens in the
preprint version of [10], to the generalization for the coset spin-3 generator. It originates
from the equation (2.12) of [43], but this identity is not valid. For the spin-3 generator, the
N -dependence of 1
(z−w)2
term in the operator product expansion (2.8) was obtained by using
the relation (A.6). The contraction with one d symbol and two f symbols leads to other d
symbol, but this is not true for higher d symbol. For example, the triple product dabcdf fgaf fhb
does not produce the dghcd tensor of rank 4 exactly, but there exist some extra structures.
This can be checked explicitly by taking the 4-th order d symbol in (2.12) with two f symbols.
So far, there are no known coset generators of spin greater than 3.
It is convenient to introduce the following dimension 1, 2, 3 and 4 operators, as in spin-3
generator, along the line of [10]:
T
(1,3)
abc (z) ≡ dabcdJd(z), (2.13)
T
(2,2)
ab (z) ≡ dabcdJcJd(z), (2.14)
T (3,1)a (z) ≡ dabcdJ bJcJd(z), (2.15)
T (4,0)(z) ≡ dabcdJaJ bJcJd(z). (2.16)
Here d symbol is given by (2.12). It turns out that they are primary fields of dimension 1, 2, 3
and 4 with respect to the stress energy tensor (2.2):
T (z)T
(1,3)
abc (w) =
1
(z − w)2T
(1,3)
abc (w) +
1
(z − w)∂T
(1,3)
abc (w) + · · · , (2.17)
T (z)T
(2,2)
ab (w) =
1
(z − w)22T
(2,2)
ab (w) +
1
(z − w)∂T
(2,2)
ab (w) + · · · , (2.18)
T (z)T (3,1)a (w) =
1
(z − w)23T
(3,1)
a (w) +
1
(z − w)∂T
(3,1)
a (w) + · · · , (2.19)
T (z)T (4,0)(w) =
1
(z − w)24T
(4,0)(w) +
1
(z − w)∂T
(4,0)(w) + · · · . (2.20)
5 Let us comment on the notations for the d symbol and f symbol we are using in the paper. We follow
the convention of [4]. There are some differences between the notations in [4, 5] and [10]. For example, the
minus sign in the third equation of (7.23) of [10] and some minus signs in the equation (7.22) of [10]. The
normalization of
√
2 between [42] and [4, 5] appears. We insert the Jacobi identity which was missed in [4, 5]
into the identity (A.11) of the Appendix A. We have checked that for N = 3, the quantity on the right hand
side of (2.12) is zero identically, by using the explicit f tensor and d tensor elements with a factor of
√
2 in
[42]. For the nontrivial d tensor of rank 4, the N should be greater than 3.
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It is easy to see the operator product expansion (2.17) by using the defining equation (2.5).
The higher order singular terms in the operator product expansion (2.18) vanish due to the
fact that the products of dabcd and δcd or f cde contribute to zero. Also the higher order singular
terms in the operator product expansion (2.19) do not occur because the operator product
expansion of J b(z)T
(2,2)
ab (w) does not contain any singular terms (note that the d
abcd symbol is
symmetric and traceless). Similarly, there are no higher order singular terms in the operator
product expansion (2.20) because the operator product expansion between Ja(z) and T (3,1)a (w)
does not produce any singular terms.
Now it is ready to compute the operator product expansions of Ja(z) and four primary
fields (2.13), (2.14), (2.15) and (2.16), as we did in the subsection 2.1. Let us present them
here as follows:
Ja(z)T
(1,3)
bcd (w) = −
1
(z − w)2kd
abcd +
1
(z − w)f
aefdbcdeJf(w) + · · · , (2.21)
Ja(z)T
(2,2)
bc (w) =
1
(z − w)2
[
−2kdabcdJd(w) + fadff fegdbcdeJg(w)
]
+
1
(z − w)
[
fadfdbcdeJfJe(w) + faefdbcdeJdJf(w)
]
+ · · · , (2.22)
Ja(z)T
(3,1)
b (w) =
1
(z − w)3f
acfdbcdef gehf fdgJh(w) +
1
(z − w)2
[
−3kdabcdJcJd(w)
+ facff fdgdbcdeJgJe(w) + facff fegdbcdeJdJg(w) + fadff fegdbcdeJcJg(w)
]
+
1
(z − w)
[
facfdbcdeJfJdJe(w) + fadfdbcdeJcJfJe(w) + faefdbcdeJcJdJf(w)
]
+ · · · , (2.23)
Ja(z)T (4,0)(w) =
1
(z − w)4f
abff fcidbcdef gehf idgJh(w)
+
1
(z − w)3
[
fabfdbcde(fhdgf fchJgJe(w) + fhegf fchJdJg(w) + fhegf fdhJcJg(w))
+ facfdbcdef gehf fdgJ bJh(w)
]
+
1
(z − w)2
[
−4kdabcdJ bJcJd(w) + fabff fcgdbcdeJgJdJe(w)
+ fabff fdgdbcdeJcJgJe(w) + fabff fegdbcdeJcJdJg(w) + facff fdgdbcdeJ bJgJe(w)
+ facff fegdbcdeJ bJdJg(w) + fadff fegdbcdeJ bJcJg(w)
]
+ · · · . (2.24)
It is easy to see the operator product expansion (2.21) from the defining equation (2.1). There
is no 1
(z−w)3
term in the operator product expansion (2.22) because the product of dbcde and
fade vanishes.
In the operator product expansion (2.23), the result of the operator product expansion
7
(2.22) is used and the k-dependent term in the singular term of 1
(z−w)3
vanishes due to the fact
that the product of dfbcd and facf becomes zero. One need to simplify the singular term of
1
(z−w)3
further in the operator product expansion (2.23). In order to simplify this, one should
use the d symbol in (2.12). By plugging the first term of (2.12) into the above singular term,
fdff term, one realizes that dff term can be reexpressed in terms of a single d term via the
identity (A.6). Then this reduces to the product of ddf and this leads to a single f term from
the relation (A.7). Finally, one obtains −Ndbha coming from the first term of (2.12) 6. Now
let us consider the second term in (2.12). In the above singular term, this provides ddff term
which can be further reduced to the relation (A.14). With the remaining f in 1
(z−w)3
term, it
leads to a single f term and ddf terms. These ddf terms can be simplified further by using the
relation (A.7). It turns out that the final expression coming from the second term of (2.12)
is equal to zero. For the third term of (2.12), the singular term can be written similarly. It
gives −(N2 − 4)fabh. Finally, the δ terms in (2.12) can be reduced to fff terms and these
can be written in terms of a single f terms by the identity (A.5).
By collecting all the contributions we have obtained so far, the 1
(z−w)3
term in the operator
product expansion (2.23) can be summarized by −2(N2−4)(N2−9)
(N2+1)
fabcJc(w). The other lower
singular terms are simplified further and the details for these computations are presented in
the Appendix B. The complete operator product expansion (2.23) is presented in (B.10).
Moreover, in the operator product expansion (2.24), the result of the operator product
expansion (2.23) is also used in the 1
(z−w)4
and 1
(z−w)3
terms. Let us consider the highest
singular term, 1
(z−w)4
term. By substituting the d symbol (2.12) into there, one has ffddff
terms. One uses the identity (A.6) and obtains 2N(N2 − 4)δah coming from the first term
of (2.12). The second term of (2.12) with other four f symbols can be simplified via the
identity (A.14) with the relation (A.7). It turns out that there is no contribution. The
third term of (2.12) gives a nonzero contribution. We again use the identity (A.14) with
(A.7) and (A.2) and the final expression is 2N(N2 − 4)δah. The remaining terms of (2.12)
contribute to −40N(N2−4)
(N2+1)
where the identities (A.2) and (A.5) are used. Then, one obtains
4N(N2−4)(N2−9)
(N2+1)
Ja(w) in 1
(z−w)4
term.
Let us consider the next higher order singular term, 1
(z−w)3
. The first term of d symbol in
(2.12) contributes to (N2−4)f eag via the identities (A.6) and (A.7). There is no contribution
from the second term of d symbol where the identities (A.14) and (A.7) are used. The third
term of (2.12) gives (N2 − 4)fage via the relations (A.14) and (A.7). The delta terms of d
symbol can be simplified, through the identities (A.5) and (A.2), as 5Nfage with prefactor
− 4(N2−4)
N(N2+1)
. By summing over all the contributions, one obtains 2N(N
2−4)(N2−9)
(N2+1)
∂Ja(w) in 1
(z−w)3
.
6 Here we have ignored the index structures of d and f symbols for simplicity.
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The next term can be arranged as the sum of fdff term above and fdfff term by moving
the current Jg to the left. This last term can be further simplified as −4N(N2−4)(N2−9)
(N2+1)
∂Ja(w).
The JcJg term is the same as the JdJg term above by interchanging between the indices c
and d that are dummy indices. The J bJh term in 1
(z−w)3
can be written as the sum of above
first contribution and −4N(N2−4)(N2−9)
(N2+1)
∂Ja(w) term.
Therefore, one has the final term as −4N(N2−4)(N2−9)
(N2+1)
∂Ja(w) in the 1
(z−w)3
. The other terms
in lower singular terms are simplified further and the details for these computations are also
presented in the Appendix B. The full operator product expansion (2.24) is presented in
(B.13). There are no 1
(z−w)
terms in the operator product expansion (2.24) for N = 4. We
expect this is also true for any N > 5. The singlet field T (4,0)(z) has a vanishing commutator
[Ja0 , T
(4,0)(w)] = 0 under SU(N) because there is no 1
(z−w)
term in the operator product
expansion (2.24).
The higher order singular terms, 1
(z−w)4
term and 1
(z−w)3
term, in the operator product
expansions (2.23) and (2.24) allow us to consider the extra terms for the coset spin 4 current
in the coset construction which will be discussed in next section. We also present the operator
product expansions between Ja(z) and other spin 4 fields in the Appendix C.
We have seen that the field T (4,0) is primary field of dimension 4 from the operator product
expansion (2.20). However, for general spin 4 field, the condition for primary field under the
stress energy tensor (2.2) is not straightforward. Sometimes the higher order singular terms
arise in the operator product expansion with the stress energy tensor T (z). For example, one
can think of spin 4 field QaQa(z) which is quadratic in dimension 2 field Qa(z) (2.7). In order
to compute the operator product expansion T (z)QaQa(w) explicitly, one should obtain the
operator product expansion Qa(z)Qa(w) and more generally, one has the following operator
product expansion with different indices:
Qa(z)Qb(w) =
1
(z − w)4
2
N
(N2 − 4)k(N + 2k)δab − 1
(z − w)3
2
N
(N2 − 4)(N + 2k)fabcJc(w)
− 1
(z − w)2
[
NdabcQc(w) + 2(N + 2k)dacedbdeJcJd(w)
]
+
1
(z − w)
[
−(N + 2k)dacedbde∂JcJd(w) + facedbcdQeJd(w) + fadedbcdJcQe(w)
− (N + 2k)dacedbdeJd∂Jc(w)
]
+ · · · . (2.25)
Here one uses the identity (A.8) of [4] with the operator product expansion (2.8) and obtains
the operator product expansion Qa(z)Jc(w). In order to have the complete expression for the
higher order singular terms, one uses the relations (A.4) and (A.7).
It is ready to write down the operator product expansion T (z) with QaQa(w) and it turns
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out to be
T (z)QaQa(w) =
1
(z − w)6
12k
N
(N2 − 4)(N2 − 1)(N + 2k)
+
1
(z − w)4
32
N
(N2 − 4)(N + 2k)(N + k)T (w)
+
1
(z − w)3
12
N
(N2 − 4)(N + 2k)(N + k)∂T (w)
+
1
(z − w)24Q
aQa(w) +
1
(z − w)∂(Q
aQa)(w) + · · · . (2.26)
The higher order singular terms in the operator product expansion (2.26) are determined by
the operator product expansion (2.25) and the identity (A.4). These higher order terms will
play an important role in next section. We should find the correct candidate for the coset
spin 4 field which transforms as a primary field of dimension 4 under the coset Virasoro field.
In other words, the higher order singular terms 1
(z−w)n
with n > 2 in the operator product
expansion between the coset Virasoro field and the coset spin 4 field should vanish. We also
present the operator product expansions between T (z) and the other spin 4 fields in the
Appendix C.
The singlet algebra (or Casimir algebra) of primary fields T (4,0)(z), Q(z), and T (z), can
be obtained, in principle, by computing the operator product expansions Q(z)T (4,0)(w) and
T (4,0)(z)T (4,0)(w) explicitly. In general, we expect that the new primary fields will arise in
these operator product expansions. For particular values of N, k, these new primary fields
will vanish and the algebra reduces to [44, 45], along the line of [4]. Of course, it would be
interesting to perform all the operator product expansions to see how the algebra is different
from the algebra in [44, 45], but we are interested in a minimal model conformal field theory.
In next section, we want to construct a new primary field of dimension 4, based on the
operator product expansions we have described in this section.
Therefore, we have seen the fourth-order Casimir operator dabcdJaJ bJcJd(z) which will
play an important role in next section.
3 The GKO coset construction
3.1 Review
Let us consider the diagonal coset WZW model given by
ŜU(N)k ⊕ ŜU(N)1
ŜU(N)k+1
. (3.1)
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Denoting the spin 1 current fields as Ka(z) and Ja(z) of level k and 1 respectively and the
spin 1 current field as J ′a(z) of level k+1, the operator product expansion between Ja(z) and
J b(w) is
Ja(z)J b(w) = − 1
(z − w)2k1δ
ab +
1
(z − w)f
abcJc(w) + · · · , (3.2)
where the level is characterized by k1(≡ 1) and the other operator product expansion between
Ka(z) and Kb(w) is
Ka(z)Kb(w) = − 1
(z − w)2k2δ
ab +
1
(z − w)f
abcKc(w) + · · · , (3.3)
where the level is given by k2(≡ k). We follow the convention of [16]. These two currents
are independent in the sense that the operator product expansion Ja(z)Kb(w) = 0. That is,
there are no singular terms. The diagonal current is given by
J ′a(z) = Ja(z) +Ka(z). (3.4)
Then it is easy to check, by adding the operator product expansions (3.2) and (3.3), that
J ′a(z)J ′b(w) = − 1
(z − w)2k
′δab +
1
(z − w)f
abcJ ′c(w) + · · · , k′ ≡ k1 + k2 ≡ k + 1. (3.5)
The stress energy tensor for the coset model (3.1) is given by
T˜ (z) = T(1)(z) + T(2)(z)− T ′(z), (3.6)
where the stress energy tensors in terms of the spin 1 currents are as follows:
T(1)(z) = − 1
2(k1 +N)
(JaJa)(z),
T(2)(z) = − 1
2(k2 +N)
(KaKa)(z),
T ′(z) = − 1
2(k1 + k2 +N)
(J ′aJ ′a)(z). (3.7)
It is easy to check that the operator product expansion between J ′a(z) and T˜ (w) has no
singular term because the 1
(z−w)2
term is given by (Ja(w) + Ka(w) − J ′a(w)) which is iden-
tically zero from (3.4). One computes the operator product expansion T˜ (z)T˜ (w) that is
equivalent to the operator product expansion T˜ (z)(T(1) + T(2))(w) because there is no sin-
gular term in the operator product expansion between T˜ (z) and T ′(w), by construction.
Then by substituting (3.6) into the operator product expansion T˜ (z)(T(1) + T(2))(w), one has
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T(1)(z)T(1)(w)+ T(2)(z)T(2)(w)−T ′(z)T ′(w). Here we used the fact that the operator product
expansion of T ′(z)(T(1) + T(2))(w) can be rewritten as T
′(z)(T˜ (w) + T ′(w)) and this becomes
T ′(z)T ′(w).
Therefore, one obtains 7
T˜ (z)T˜ (w) = T(1)(z)T(1)(w) + T(2)(z)T(2)(w)− T ′(z)T ′(w),
=
1
(z − w)4
c˜
2
+
1
(z − w)22T˜ (w) +
1
(z − w)∂T˜ (w) + · · · . (3.8)
Finally, after reading off the 1
(z−w)4
terms in (3.8), one has the following coset central charge
as follows:
c˜ = c(1) + c(2) − c′ = (N2 − 1)
(
k1
k1 +N
+
k2
k2 +N
− k1 + k2
k1 + k2 +N
)
≡ (N − 1)
[
1− N(N + 1)
(N + k)(N + k + 1)
]
, (3.9)
where we put k1 = 1, k2 = k.
It is known that the coset spin 3 primary field T˜ (3)(z) is found in [5]. Together with (3.8),
the operator product expansion of T˜ (z)T˜ (3)(z) satisfies the standard one for the primary
field of dimension 3 and the operator product expansion of T˜ (3)(z)T˜ (3)(w) provides the full
structure of the operator algebra. The spin 3 field T˜ (3)(z) consists of four terms which can
be written as the spin 1 currents Ja(z), Ka(z). The requirement that the field T˜ (3)(z) is a
primary field of dimension 3 under the T˜ (z) fixes T˜ (3)(z) up to a normalization factor which
depends on N, k1 and k2.
3.2 Coset primary spin-4 current W˜ (z)
Along the line of coset spin 3 current [5], one can think of the following fields as a candidate
for the coset spin 4 current
dabcd
(
c1J
aJ bJcJd + c2J
aJ bJcKd + c3J
aJ bKcKd + c4J
aKbKcKd + c5K
aKbKcKd
)
, (3.10)
where the coefficient functions ci(i = 1, 2, · · ·5) depend on N, k1 and k2. We simply generalize
the field T (4,0)(z) to have both spin 1 currents, Ja(z) and Ka(z). How does one determine
the coset spin 4 primary field? As we described in the introduction, first of all, the coset spin
4 primary field should commmute with the diagonal current (3.4) as follows:
J ′a(z)W˜ (w) = regular. (3.11)
7 The stress energy tensor T(1)(z) has a central charge c(1) = (N
2− 1) k1
N+k1
(2.4), the stress energy tensor
T(2)(z) has a central charge c(2) = (N
2 − 1) k2
N+k2
, and the stress energy tensor T ′(z) has a central charge
c′ = (N2 − 1) k1+k2
N+k1+k2
with (3.5).
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Secondly, the coset spin 4 primary field should transform as dimension 4 under the stress
energy tensor (3.6) as follows:
T˜ (z)W˜ (w) =
1
(z − w)24W˜ (w) +
1
(z − w)∂W˜ (w) + · · · . (3.12)
One can easily see that if there exist only five candidate terms as in (3.10), then there are
no consistent coefficient functions satisfying the conditions (3.11) by checking the operator
product expansions given in the Appendix (D.1)-(D.5). This is one indication why the con-
struction in [15] where the field contents are given by (3.10) is not correct. Therefore, one
should consider the extra terms in order to satisfy (3.11) by requiring that they contribute
to the vanishing of any singular terms. Since the d symbol of rank 4 is defined as (2.12), one
also considers the following candidates for the coset spin 4 primary field by looking at the
first term of (2.12)
dabedcde(c6J
aJ bJcJd + c7J
aJ bJcKd + c8J
aJ bKcKd + c9J
aKbKcKd + c10K
aKbKcKd).(3.13)
For given the first term in (3.13), we simply consider the possible terms with the current
Ka(z) as we did in (3.10). Then it is ready to check whether the sum of (3.10) and (3.13) is
consistent with the condition (3.11) or not. It turns out that they do not satisfy the regularity
condition (3.11). This implies that we need to have more terms and we will have a chance to
remove all the singular terms. The delta term in (2.12) gives us to allow the following terms
c11J
aJaJ bJ b + c12J
aJaJ bKb + c13J
aJaKbKb + c14J
aKaKbKb + c15K
aKaKbKb. (3.14)
For given first term in (3.14), we also consider the possible terms by realizing the other current
Ka(z). Still the contractions in the indices are fixed. Moreover, one should also consider the
following terms
c16∂
2JaJa + c17∂
2JaKa + c18∂
2KaKa + c19∂J
a∂Ja + c20∂J
a∂Ka + c21∂K
a∂Ka
+c22J
a∂2Ka. (3.15)
These terms appear in the second derivative of coset stress energy tensor (3.7).
By adding the terms (3.10), (3.13), (3.14), and (3.15), one writes down the following coset
spin 4 current
W˜ (z) = dabcd
(
c1J
aJ bJcJd + c2J
aJ bJcKd + c3J
aJ bKcKd + c4J
aKbKcKd + c5K
aKbKcKd
)
+ dabedcde
(
c6J
aJ bJcJd + c7J
aJ bJcKd + c8J
aJ bKcKd + c9J
aKbKcKd + c10K
aKbKcKd
)
+ c11J
aJaJ bJ b + c12J
aJaJ bKb + c13J
aJaKbKb + c14J
aKaKbKb + c15K
aKaKbKb
+ c16∂
2JaJa + c17∂
2JaKa + c18∂
2KaKa + c19∂J
a∂Ja + c20∂J
a∂Ka
+ c21∂K
a∂Ka + c22J
a∂2Ka. (3.16)
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We also checked whether the other contractions with different indices provide other indepen-
dent terms we are missing or not in the Appendix G. In particular, the equations (G.1),
(G.2), (G.3) and (G.4). It turns out that there are no other independent terms except the
field JaJ bKaKb(z). We will discuss on the presence of this field later. The field contents in
(3.16) are complete except the field JaJ bKaKb(z) in this sense. Due to the fact that there
exists an identity
dabcdJaJ bJcJd(z) = 3dabedcdeJaJ bJcJd(z)− 12(N
2 − 4)
N(N2 + 1)
JaJaJ bJ b(z)
−3(N
2 − 4)(N2 − 3)
N2 + 1
∂Ja∂Ja(z) +
2(N2 − 4)(N2 − 3)
N2 + 1
∂2JaJa(z), (3.17)
and the terms appearing in the coefficients c1, c6, c11, c16 and c19 (and similarly the coefficients
c5, c10, c15, c18 and c21) are not independent. For example, this allows us to put c19 = 0 = c21
from the beginning in order to keep the quartic term on the left hand side of (3.17).
Let us apply the condition (3.11) to the coset spin 4 current (3.16). In Appendix D,
we present the twenty two operator product expansions (D.1)-(D.22). Next we consider the
property of (3.12) on the coset spin 4 current. Since we require the condition (3.11) and the
stress energy tensor T ′(z) is given by (3.7), one has no singular terms in the operator product
expansion T ′(z) and W˜ (w). This implies that we introduce
T(1)(z) + T(2)(z) ≡ Tˆ (z), (3.18)
and consider the operator product expansion with W˜ (w). We collect the operator product
expansions in the Appendix E: (E.2)-(E.23). Then the twenty three linear equations from the
vanishing of singular terms in the operator product expansions J ′a(z)W˜ (w) are summarized
in the equations (F.1), (F.3) and (F.4) of Appendix F . Similarly, the eight linear equations
from the vanishing of higher order singular terms (i.e., 1
(z−w)n
term with n > 2) in the
operator product expansions Tˆ (z)W˜ (w) are given in the equations (F.5), (F.6) and (F.7) of
the Appendix F . By solving these equations, the coefficients appearing in the coset spin 4
current (3.16) are determined except the c1 coefficient and they are in the equations (F.8)
and (F.9) of the Appendix F . The large N limit for these coefficients is given in (F.10) that
will be used in next subsection.
3.3 Coset primary spin-4 current W˜ (z) in the large N ’t Hooft
limit
The large N ’t Hooft limit [1] is defined as
N, k →∞, λ ≡ N
N + k
fixed. (3.19)
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Let us describe the largeN ’t Hooft limit for the coset spin 4 current (3.16) with the coefficients
(F.8) and (F.9). In this limit, the term proportional to dabcdKaKbKcKd(z), c5, behaves as
1
N
and goes to zero. Similarly, the term with dabedcdeKaKbKcKd(z), c10, behaves as
1
N
also
and vanishes. The terms with c11, c12 vanish, the terms with c13, c14 have
1
N
dependence and
the term with c15 has
1
N2
dependence. See the relations (F.10) for details. Then, all of these
vanish in the large N limit. One obtains the coset spin 4 current, in the large N ’t Hooft
limit, together with the unknown coefficient c1, as follows:
W˜ (z) =
(
dabcd
[
JaJ bJcJd(z) +
4λ(5λ+ 4)
3(λ− 1)(λ+ 2)J
aJ bJcKd(z) +
2λ2(5λ+ 7)
(λ− 1)2(λ+ 2)J
aJ bKcKd(z)
+
20λ2(λ+ 1)
3(λ− 3)(λ− 1)(λ+ 2)J
aKbKcKd(z)
]
+ dabedcde
[
2λ
λ+ 2
JaJ bJcJd(z)
+
8λ
(λ− 1)(λ+ 2)J
aJ bJcKd(z) +
12λ2(λ+ 3)
(λ− 2)(λ− 1)2(λ+ 2)J
aJ bKcKd(z)
+
40λ2(λ+ 1)
(λ− 3)(λ− 2)(λ− 1)(λ+ 2)J
aKbKcKd(z)
]
−N2
[
4λ
3(λ+ 2)
∂2JaKa(z)
− 4λ(λ+ 1)
(λ− 1)(λ+ 2)∂J
a∂Ka(z) +
4λ(λ+ 1)
3(λ− 1)(λ+ 2)J
a∂2Ka(z)
])
c1. (3.20)
At first sight, the last three terms become very large compared to the rest but this is not true.
We will see that the N dependence of each term behaves equally. Let us focus on the zero
mode of spin 4 current. By realizing the equation (3.17), one can reexpress the zero mode as
follows:
dabcdJa0J
b
0J
c
0J
d
0 → 3dabedcdeJa0J b0Jc0Jd0 − 3N2(∂Ja)0(∂Ja)0 + 2N2(∂2Ja)0(Ja)0
= 3dabedcdeJa0J
b
0J
c
0J
d
0 +N
2Ja0J
a
0 , (3.21)
where the Laurent mode expansion is used 8. The contribution from Ja0J
a
0J
b
0J
b
0 is removed
under (3.19) because the behavior of this term in (3.17) depends on N = 1
N
×N2. The zero
mode of (3.20) can be written as
W˜0 =
[
−(18 + 15λ+ 111λ
2 − 7λ3 + 7λ4)
3(λ− 3)(λ− 1)2(λ+ 2) d
abcdJa0J
b
0J
c
0J
d
0
+
2λ(30− 95λ+ 41λ2 − 25λ3 + λ4)
(λ− 3)(λ− 2)(λ− 1)2(λ+ 2) d
abedcdeJa0J
b
0J
c
0J
d
0
+ N2
4λ(λ− 3)
3(λ− 1)(λ+ 2)J
a
0J
a
0
]
c1, (3.22)
8 That is, Ja(z) =
∑
m∈Z
Ja
m
zm+1
, ∂Ja(z) = −∑m∈Z(m+1) Jamzm+2 and ∂2Ja(z) =∑m∈Z(m+1)(m+2) Jamzm+3 .
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where the singlet condition Ka0 = −Ja0 is used. Note that, in [1], the second element of highest
weight representations corresponds to the diagonal current J ′a(z) = Ja(z) + Ka(z) and the
first element corresponds to the current Ka(z). We are looking for the eigenvalue equation
of (3.22) acting on the representation (f ; 0) ⊗ (f ; 0) where Ja0 + Ka0 = 0. The first term in
(3.22) is the sum of the first four terms in (3.20) with alternative signs. Similarly, the second
term in (3.22) is the sum of the next four terms in (3.20) with alternative signs and finally,
the third term in (3.22) is the sum of the last three terms in (3.20) with appropriate signs
and multiplicities.
One should compute the spin 4 zero mode (3.22) on the fundamental representation. The
product of SU(N) generators we are using in this paper has the following decompositions
with δ, d and f symbols
T aT b = − 1
N
δab − i
2
dabcT c +
1
2
fabcT c. (3.23)
From the relation (3.23), one obtains the quartic product with two d symbols. Among nine
terms, the nonzero five terms (due to the traceless condition for antihermitian basis) can be
obtained and using the property (A.3), one finds
dabedcdeTr(T aT bT cT d) =
1
4
dabedcdedabfdcdf =
1
4
2
N
(N2 − 4) 2
N
(N2 − 4)δaa
=
1
N2
(N2 − 4)2(N2 − 1), (3.24)
where the property (A.4) is used. Since we want to obtain the eigenvalue not the trace as in
(3.24), we should divide this by N . Then, under (3.19), one arrives at the zero mode that
appears in the second term in (3.22) acting on the fundamental representation,
dabedcdeJa0J
b
0J
c
0J
d
0 |f >= N3|f > . (3.25)
Similarly, the zero mode that appears in the last term in (3.22) acts on the fundamental
representation,
δabTr(T aT b) = −δaa = −(N2 − 1)→ Ja0Ja0 |f >= −N |f > . (3.26)
One also has the same expressions (3.25) and (3.26) on the antifundamental representation.
By using the equations (3.21), (3.25) and (3.26), one simplifies the right hand side of (3.22)
and surprisingly, it turns out that it is very simple factorized form
N3
[
−(18 + 15λ+ 111λ
2 − 7λ3 + 7λ4)
3(λ− 3)(λ− 1)2(λ+ 2) (3− 1) +
2λ(30− 95λ+ 41λ2 − 25λ3 + λ4)
(λ− 3)(λ− 2)(λ− 1)2(λ+ 2)
− 4λ(λ− 3)
3(λ− 1)(λ+ 2)
]
c1 = N
3
[
4(1 + λ)2(3 + λ)
(3− λ)(2− λ)(1− λ)
]
c1. (3.27)
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For the primary (f ; 0)⊗ (f ; 0) where Ja0 +Ka0 = 0, from the result of (3.27), one can compute
W˜0|O+ > = N3
[
4(1 + λ)2(3 + λ)
(3− λ)(2− λ)(1− λ)
]
c1|O+ >, O+ ≡ (f ; 0)⊗ (f ; 0) (3.28)
and for the primary (0; f)⊗ (0; f) where Ka0 = 0, the spin 4 current acts as
W˜0|O− > = N3
[
4(1 + λ)
(2 + λ)
]
c1|O− >, O− ≡ (0; f)⊗ (0; f), (3.29)
where one uses
[
3− 1 + 2λ
λ+2
]
N3 = N3
[
4(1+λ)
(2+λ)
]
c1 that corresponds to the equation (3.22) by
choosing the first and fifth terms in (3.20). For the other primaries O+ ≡ (f ; 0) ⊗ (f ; 0)
and O− ≡ (0; f) ⊗ (0; f), one has similar relations. The generators in the antifundamental
representation has an extra minus sign, compared to the generators in the fundamental rep-
resentation, but this does not affect the relations (3.24) and (3.26) because the number of the
power of T a is even. Then we have same equations with (3.28) and (3.29) by replacing |O± >
with |O± > respectively. There are no sign changes in the eigenvalues, contrary to the spin 3
case [16, 11] where the number of the power of T a is odd. According to the normalization of
[11], the eigenvalues of the spin 4 zero mode acting on the above primaries appear as follows:
U40 |O+ > = (1 + λ)(2 + λ)(3 + λ)|O+ >, O+ ≡ (f ; 0)⊗ (f ; 0),
U40 |O− > = (1− λ)(2− λ)(3− λ)|O− >, O− ≡ (0; f)⊗ (0; f). (3.30)
The different normalization in [16] is used. For given relations (3.28) and (3.29), it is possible
to determine the unknown coefficient function c1(N, k) in order to satisfy the condition (3.30)
as follows:
c1(N, λ) =
(1− λ)(2− λ)(3− λ)[
N3
4(1+λ)
(2+λ)
] . (3.31)
This relation (3.31) is a generalization of (4.24) of [16] for the higher spin greater than 3.
According to (3.25), the factor N3 comes from the quartic Casimir for the fundamental rep-
resentation. For the spin 4 case in our paper, the eigenvalue equation has other factor from
(3.29). In other words, the W˜ (z) in the largeN limit has λ dependent term in c6 coefficient:
2λ
λ+2
from (F.10). Combined with the constant piece, the overall factor depends on the ’t Hooft
coupling constant λ explicitly. Therefore, we have
W˜0|O+ > = (1 + λ)(2 + λ)(3 + λ)|O+ >, O+ ≡ (f ; 0)⊗ (f ; 0),
W˜0|O− > = (1− λ)(2− λ)(3− λ)|O− >, O− ≡ (0; f)⊗ (0; f). (3.32)
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In next subsection, we would like to look for more general coset spin 4 field which satisfies
the above condition (3.30).
Following the analysis by Chang and Yin [14], from the action of W˜0 on the primary states,
(3.32), the three-point function with scalars is summarized as
< O+O+W˜ > = (1 + λ)(2 + λ)(3 + λ), O+ ≡ (f ; 0)⊗ (f ; 0),
< O−O−W˜ > = (1− λ)(2− λ)(3− λ), O− ≡ (0; f)⊗ (0; f). (3.33)
Note that in [14], the normalization for the spin 3 current is the same as that in [16] 9. As a
spin increases, the extra λ dependent factors occur in the three-point functions.
How does one compare the three-point function (3.33) to that from the bulk computation
in [14]? With the normalization < J (s)(z)J (s)(w) >= 1, the three-point function at λ = 1
2
is
given by
< O+O+J (s) >= N− 12Γ(s)
√
2s− 1
Γ(2s− 1) , < O−O−J
(s) >= (−1)sN− 12 Γ(s)√
Γ(2s)
. (3.34)
In our case, we did not compute the operator product expansion W˜ (z)W˜ (w) explicitly where
W˜ (z) is given by (3.20). We will have < W˜ (z)W˜ (w) >= A(N, k) + ( 1
N
correction) by com-
puting the highest singular terms 1
(z−w)8
. Let us divide the two relations (3.33). Then we do
not have to worry about the normalization for W˜ (z).
< O+O+W˜ >
< O−O−W˜ >
=
(1 + λ)(2 + λ)(3 + λ)
(1− λ)(2− λ)(3− λ) →
(
3 + λ
1− λ
)
|λ= 1
2
= 7, (3.35)
where we put λ = 1
2
at the final stage. Note that the factor (1 + λ)(2 + λ) in the numerator
cancels the factor (2− λ)(3− λ) in the denominator at λ = 1
2
. On the other hand, by taking
the ratio in (3.34), one obtains
< O+O+J (s) >
< O−O−J (s) > = (−1)
s(2s− 1). (3.36)
For s = 4, this relation (3.36) is exactly the same as the relation (3.35) 10. One can continue
to analyze for higher spin greater than 4. From < O+O+W˜ (s) >= (−1)s(1 + λ)(2 + λ)(3 +
9 In the notation of [11], the three-point function for the spin 3 current is < O+O+T˜ (3) >= −(1+λ)(2+λ)
and < O−O−T˜ (3) >= (1− λ)(2 − λ) corresponding to the equation (5.14) of [14].
10 This feature occurs for s = 2, 3 case. For s = 3, the ratio <O+O+T˜
(3)>
<O−O−T˜ (3)>
= − (1+λ)(2+λ)(1−λ)(2−λ) → −
(
2+λ
1−λ
)
|λ= 12 =
−5 which is the same as (3.36) for s = 3. Similarly, for s = 2, we have <O+O+T˜ (2)>
<O−O−T˜ (2)>
=
1
2 (1+λ)
1
2 (1−λ)
→
(
1+λ
1−λ
)
|λ= 12 =
3 which coincides with (3.36) for s = 2.
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λ) · · · (s − 1 + λ) and < O−O−W˜ (s) >= (1 − λ)(2 − λ)(3 − λ) · · · (s − 1 − λ), one takes the
ratio and realizes that the factors in the numerator cancel the factors in the denominator at
λ = 1
2
,
< O+O+W˜ (s) >
< O−O−W˜ (s) >
=
(−1)s(1 + λ)(2 + λ)(3 + λ) · · · (s− 1 + λ)
(1− λ)(2− λ)(3− λ) · · · (s− 1− λ)
→ (−1)s
(
s− 1 + λ
1− λ
)
|λ= 1
2
= (−1)s(2s− 1). (3.37)
This relation (3.37) is the same as the relation (3.36). It would be interesting to construct the
three-point functions in the deformed AdS3 bulk theory, as mentioned in [14], that generalize
to the equations (3.34) and compare to the three-point functions (3.33) for all values of ’t
Hooft coupling constant in the WN coset conformal field theory in the large N ’t Hooft limit.
3.4 The general coset primary spin-4 current W˜ (4)(z) and its large
N ’t Hooft limit
More generally, one can consider the coset spin 4 field that contains the field T˜ 2(z) given by
(G.6). Or one can understand that according to the second equation of (G.2), if we write
down the field dabcdJaJ bKcKd(z) using the identity (2.12), then there exists an independent
field JaJ bKaKb(z) appears naturally. The only new term from the relation (G.6), compared
to the relation (3.16), is JaJ bKaKb(z) and let us add this term with the coefficient function
c23 to the previous coset spin 4 field (3.16):
W˜ (4)(z) = W˜ (z) + c23J
aJ bKaKb(z). (3.38)
Then one should have the above two properties (3.11) and (3.12) for the new field (3.38).
That is, J ′a(z)W˜ (4)(w) = regular and W˜ (4)(z) is a primary field of dimension 4 under the
stress energy tensor (3.6) with (3.7). From the relations (H.1) and (H.2), one should include
c23 dependent terms into (F.1)-(F.7). It turns out that the more general spin 4 coset field is
W˜ (4)(z) = dabcd
[
c1J
aJ bJcJd + (c2 + b2)J
aJ bJcKd + (c3 + b3)J
aJ bKcKd + (c4 + b4)J
aKbKcKd
+ (c5 + b5)K
aKbKcKd
]
+ dabedcde
[
(c6 + b6)J
aJ bJcJd + (c7 + b7)J
aJ bJcKd
+ (c8 + b8)J
aJ bKcKd + (c9 + b9)J
aKbKcKd + (c10 + b10)K
aKbKcKd
]
+ (c11 + b11)J
aJaJ bJ b + (c12 + b12)J
aJaJ bKb + (c13 + b13)J
aJaKbKb
+ (c14 + b14)J
aKaKbKb + (c15 + b15)K
aKaKbKb + (c17 + b17)∂
2JaKa
+ (c20 + b20)∂J
a∂Ka + (c22 + b22)J
a∂2Ka + c23J
aJ bKaKb, (3.39)
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where the coefficients ci are given by the equations (F.8) and the coefficients bi are given by
the equations (H.3). In order to see how the modification arises, we keep the old coefficient
functions ci and present the extra terms characterized by the coefficients bi. The two unknown
coefficient functions c1 and c23 cannot be fixed by the above requirements.
In Appendix I, we have found the coset spin 4 field discussed in [5] explicitly. From the
beginning, the coset spin 3 field, T˜ (3), is completely determined by the regularity condition
(3.11) and the condition for the primary field corresponding to (3.12) except the overall factor
which is fixed by the highest singular term, in the operator product expansion T˜ (3)(z)T˜ (3)(w),
that behaves as 1
3
c˜ with the relation (3.9). By focusing on the 1
(z−w)2
terms in the above
operator product expansion, one obtains a new primary coset spin 4 field explicitly (this is
not known so far) and it is given by the equations (I.3), (I.4), Λ˜(w) and ∂2T˜ (w). Alternatively,
it is easy to see that this new primary field R˜(4)(z) in the Appendix I is nothing but the W˜ (4)(z)
in (3.39) with fixed c1 and c23 that are given on (I.9) and (I.10). This is summarized in the
relation (I.11). Note that the field JaJ bKaKb(z) arises in the equation (I.3) very naturally.
That is, it comes from the d23 term and T˜
2(w) term.
In the large N limit (3.19), the term proportional to dabcdKaKbKcKd(z) behaves as 1
N
and
goes to zero. Similarly, the term with dabedcdeKaKbKcKd(z) behaves as 1
N
also and vanishes.
The terms with b13, b14 have
1
N
dependence and the term with b15 has
1
N2
dependence. See
the equations (H.4) for details. Then, all of these vanish in the large N limit. The large N ’t
Hooft limit of (3.20) is generalized to the following expression, from (H.4) and large N limits
of Λ˜(z) and ∂2T˜ (z), as follows:
W˜ (4)(z) = W˜ (z) +
(
dabcd
[
−(−1 + λ)(1 + λ)
2λ(2 + λ)
JaJ bJcKd(z)− 3(1 + λ)
8(2 + λ)
JaJ bKcKd(z)
− 5(−1 + λ)(1 + λ)
12(−3 + λ)(2 + λ)J
aKbKcKd(z)
]
+ dabedcde
[
−(−1 + λ)
2(1 + λ)
4λ2(2 + λ)
JaJ bJcJd(z)
+
(−1 + λ)(1 + λ)
2λ(2 + λ)
JaJ bJcKd(z)− (1 + λ)(1 + 2λ)
4(−2 + λ)(2 + λ)J
aJ bKcKd(z)
− 5(−1 + λ)(1 + λ)
2(−3 + λ)(−2 + λ)(2 + λ)J
aKbKcKd(z)
]
+
(−1 + λ)2
4λ2
JaJaJ bJ b(z)
+
(−1 + λ)
λ
JaJaJ bKb(z) + JaJ bKaKb(z) +N2
[
(−1 + λ)(1 + λ)
4λ(2 + λ)
∂2JaKa(z)
− (−1 + λ)(1 + λ)
4λ(2 + λ)
∂Ja∂Ka(z) +
(−1 + λ)(1 + λ)
12λ(2 + λ)
Ja∂2Ka(z)
])
c23. (3.40)
One can compute the contribution from JaJ bKaKb(z) by realizing that the trace Tr(T aT bT aT b)
with (3.23) can be calculated. There is no N2 term and the next leading term behaves as
1
N
. In other words, the field JaJ bKaKb(z) itself does not contribute to the final answer, but
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its presence does affect all the other coefficient functions. The terms with c23 in the relation
(3.40) also appear in the relation (3.20). Therefore, in (3.40), the independent terms are the
same as the one in (3.20) with different coefficient functions.
By taking the same analysis in the previous subsection 3.3 (i.e., (3.25) and (3.26)), the
eigenvalue (3.28) acting on (f ; 0)⊗ (f ; 0) is generalized to
W˜
(4)
0 |O+ > = N3
(1 + λ)2(3 + λ)
(1− λ)(2− λ)(3− λ)
[
4c1 − (1− λ)
2
4λ2
c23
]
|O+ > . (3.41)
Similarly, one has the following generalized expression on (0; f)⊗ (0; f)
W˜
(4)
0 |O− > = N3
(1 + λ)
(2 + λ)
[
4c1 − (1− λ)
2
4λ2
c23
]
|O− > . (3.42)
By choosing the two undetermined coefficients c1(N, k) and c23(N, k),
c1(N, λ) = 0, c23(N, λ) = −(1− λ)(2− λ)(3− λ)[
N3
(1−λ)2(1+λ)
4λ2(2+λ)
] , (3.43)
and plugging (3.43) into (3.41) and (3.42) one has the following relations,
W˜
(4)
0 |O+ > = (1 + λ)(2 + λ)(3 + λ)|O+ >,
W˜
(4)
0 |O− > = (1− λ)(2− λ)(3− λ)|O− >, (3.44)
which are exactly the same as the equations (3.30). In this case, there is no dabcdJaJ bJcJd(z)
term because c1(N, λ) = 0. The similar relations hold for |O± > as we explained before.
More generally, as long as the following relation,
4c1(N, λ)− (1− λ)
2
4λ2
c23(N, λ) =
(1− λ)(2− λ)(3− λ)[
N3
(1+λ)
(2+λ)
] , (3.45)
holds, the above equation (3.44) is satisfied. The case with (3.31) and the case with (3.43)
are the particular solutions of the relation (3.45). Recall that the denominator in (3.45) is
exactly the same as the overall factor on the right hand side of (3.42) that comes from the
dabedcdeJaJ bJcJd(z) and other terms in W˜ (z) we have discussed before. It seems that this
behavior can be generalized to the higher spin greater than 4 and the right hand side of (3.42)
for W˜
(s)
0 should behave as
∏s−1
i=1 (i − λ) where s is a spin. Then the right hand side of (3.41)
for W˜ (s) can be fixed automatically.
For the field W˜ (4)(z), the only requirements we used so far are given in 1) and 2) in the
introduction and it turns out that there are two undetermined coefficients with the constraint
(3.45). This implies that these requirements are not enough to fix them completely. Are there
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any ways to determine these two undetermined coefficients? Recall that the field contents of
WN minimal model are given by the spin-2 field, the spin-3 field, the spin-4 field and so on
11. The operator product expansion of primary spin-3 field with itself should provide further
constraint on the above spin-4 field.
From the result of the Appendix I, one can think of the following spin 4 primary field
α(N, k) R˜(4)(z), (3.46)
where R˜(4)(z) is the spin-4 primary field described in [5] or in the Appendix I and α(N, k) is
an arbitrary constant which depends on N, k. One takes the large N ’t Hooft limit for (I.9)
and (I.10) (or (I.12)) and then using the equation (3.40) or the equations (3.41) and (3.42),
one obtains
R˜
(4)
0 |O+ > =
2(1 + λ)(3 + λ)
5(2− λ) |O+ >,
R˜
(4)
0 |O− > =
2(1− λ)(3− λ)
5(2 + λ)
|O− > . (3.47)
In this case, the eigenvalues are very symmetric in the ’t Hooft coupling λ. The first equation
in (3.47) goes to the second equation in (3.47) by taking λ → −λ and vice versa. Then it is
straightforward to compute the three-point functions from the relations (3.41) and (3.42) or
the equation (3.47). For α(N, k) = 5
2
(2− λ)(2 + λ), one has the same equations as (3.44) for
the zero mode of (3.46). One can easily see that the c1 and c23 in (I.12) multiplied by the
α(N, k) satisfy the above relation (3.45). This is an expected result from the identity (I.11).
Note that the field R˜(4)(z) is obtained from the operator product expansion of two spin-3
fields and all the coefficient functions are known. Once the highest singular term 1
(z−w)8
in
the operator product expansion of spin-4 field with itself, in the large N , is computed, then
one can normalize such that the two-point function is equal to 1 and this will fix the overall
constant completely.
4 Conclusions and outlook
We have found the coset primary spin-4 field W˜ (4)(z) in (3.39) together with the coefficient
functions (F.8), (F.9) and (H.3) where the two coefficient functions c1 and c23 are given by
11 The vacuum character, the equation (7.18) of [10] or the equation (2.18) of [1], is given by
1∏
N
s=2
∏
∞
n=s
(1−qn)
= 1 + q2 + 2q3 + 4q4 + 6q5 + 12q6 + O(q7). The 4 in front of q4 indicates that there
are four spin-4 fields, T˜ 2(z), ∂2T˜ (z), ∂T˜ (3)(z) and W˜ (4)(z). Among these four fields, the only primary field is
W˜ (4)(z) up to normalization. We thank the referee for pointing out this observation.
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the equations (I.9). The large N limit of (3.39) satisfies the zero mode acting on the primary
states (3.44). Furthermore, the three-point functions for W˜ (4)(z) with the scalars take the
form (3.33) and they are dual to the three-point functions in [14].
• How does one perform the operator algebra consisting of spins-2, 3 and 4? Among
the possible six operator product expansions, one of them is given by the operator product
expansion (3.8). There are also two operator product expansions, (3.12) and similar oper-
ator product expansion for the spin 3 field T˜ (3)(z) (I.1). The operator product expansion
T˜ (3)(z)T˜ (3)(w) is known in [5]. Then there are two unknown operator product expansions
T˜ (3)(z)W˜ (4)(w) and W˜ (4)(z)W˜ (4)(w). It would be interesting to find these and to see how
they differ from the algebras found in [44, 45] although this work will be tedious. Further-
more, 1
(z−w)3
terms of the operator product expansion W˜ (4)(z)W˜ (4)(w) or 1
(z−w)2
terms of the
operator product expansion T˜ (3)(z)W˜ (4)(w) will provide the structure of spin-5 field. See also
the works in [46, 47, 48] for the operator product algebra between spins-2, 4.
• It would be interesting to find the zero modes on all other representations. The question
is how one can write down the generators for these higher order representations? For example,
one can act the zero mode on the representation (adj; 0) that appears in the fusion of (f ; 0)
and (f ; 0). In this case, the element of the generator T a in the adjoint representation for
SU(N) can be written as (T a)bc = f
abc. Then the trace Tr(T aT bT cT d) is nothing but the
quartic in f symbols. Using the identity (A.12) in the Appendix A, one can simplify (3.24)
as 2N3 in the large N limit where one should use the identity (A.8). Similarly, the equation
(3.26) becomes −2N . This reflects an overall extra factor 2 in this representation. This
implies that one has W˜
(4)
0 |(adj; 0) ⊗ (adj; 0) >= 2(1 + λ)(2 + λ)(3 + λ)|(adj; 0) ⊗ (adj; 0) >
and W˜
(4)
0 |(0; adj)⊗ (0; adj) >= 2(1− λ)(2− λ)(3− λ)|(0; adj)⊗ (0; adj) >. These can be seen
from the equations (3.44) and their eigenvalue equations for |O± >. Since they have same
eigenvalues (as we mentioned before), this is compatible with the above observation 12.
• The coset primary spin-4 field is written in terms of WZW currents with finite N, k-
dependent coefficient functions in the WN minimal model. How does this behavior appear in
the higher spin gravity with matter in AdS3 theory?
• It would be interesting to find the supersymmetric theory of [1] where there exist a field
of dimension 3
2
[49], a field of dimension 5
2
[49, 50] and probably a field of dimension 7
2
. The
first one and the stress energy tensor consists of the usual N = 1 super stress energy tensor,
the second one and the dimension 3 primary field consists of N = 1 super field of dimension
12 This feature looks similar to the eigenvalue equations of spin-3 zero mode on the higher order repre-
sentations (N(N−1)2 ; 0) or (0;
N(N−1)
2 ). Recall that in spin-3 case, the zero mode eigenvalues of these states
(adj; 0) or (0; adj) vanish due to the fact that the d symbol of rank 3 contracted with three f ’s is equal to zero
according to the identity (A.5).
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5
2
and the third one and the dimension 4 primary field gives another N = 1 super field of
dimension 7
2
. One way to see the field contents of dimension 7
2
is to compute the operator
product expansion of the field of dimension 5
2
and a field of dimension 3 by focusing on 1
(z−w)2
terms.
• Can one generalize to the higher coset Casimir operator of spin greater than 4 and more
generally of arbitrary spin N? As we described above, we should construct the completely
symmetric traceless d symbol of rank 5 which generalizes the d symbol (2.12). The possible
terms for d symbol of rank 5 are dabcfdfde or dabcδde [42].
• It would be interesting to find the coset spin-4 primary field in the other types of minimal
models [50, 51]. In doing this, one should understand higher order invariant symmetric
polynomials for DN
2
, BN−1
2
that can be written in terms of the second lowest symmetric
invariant polynomial for DN
2
, BN−1
2
[42]. It will be useful to consider the coset model for fixed
N [52] in which there is a half integer spin as well as an integer spin.
• As described in the introduction, the eigenvalues of the zero modes of spins 2, 3, 4, and
5 on the highest weight states of Fock space of SU(N) Lie algebras were constructed in [39]
using the quantum Miura transformation with Feigin-Fuchs type of free massless scalar fields.
It would be interesting to find any relations between the findings in [39] and the results of
[11] where the classical Miura transformation was used. The strategy for this classical limit
[53] is as follows. At the classical level, any composite field term (product of n fields) on the
right hand side of operator product expansion should have its denominator proportional to
(n−1)-th power of c. Therefore, as we take c→∞ in quantized operator product expansion,
only those terms survive and any composite fields that do not satisfy this c-dependence will
disappear in the classical limit.
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Appendix A Some properties of f and d tensors of SU(N)
We list some properties between dabc and fabc symbols as follows:
daab = 0, (A.1)
fabcf dbc = 2Nδad, (A.2)
fabcddbc = 0, (A.3)
dabcddbc =
2
N
(N2 − 4)δad, (A.4)
fadbf becf cfa = −Nf def , (A.5)
dadbf becf cfa = −Nddef , (A.6)
dadbdbecf cfa =
(N2 − 4)
N
f def , (A.7)
dadbdbecdcfa =
(N2 − 12)
N
ddef , (A.8)
fadef ebc + f bdef eca + f cdef eab = 0, (A.9)
fadedebc + f bdedeca + f cdedeab = 0, (A.10)
fabcf cde = − 4
N
(δaeδbd − δadδbe)− (dbdcdcae − dadcdcbe), (A.11)
fhaef ebff fcgf gdh = 4δabδcd + 4δadδbc
+
N
2
(dabedcde + dadedebc − dacedbde), (A.12)
fhaef ebff fcgdgdh = −N
2
dabef cde − N
2
fabedcde, (A.13)
fhaef ebfdfcgdgdh =
4(4−N2)
N2
(δabδcd − δacδbd)
+
(8−N2)
2N
(dabedcde − dacedbde)− N
2
dadedbce, (A.14)
fhaedebff fcgdgdh =
N
2
(dacedbde − dadedbce)− N
2
dabedcde, (A.15)
fhaedebfdfcgdgdh =
(N2 − 12)
2N
fabedcde +
N
2
dabef cde
+
2
N
(fadedbce − facedbde), (A.16)
dhaedebfdfcgdgdh =
4(N2 − 4)
N2
(δabδcd + δadδbc)− N
2
dacedbde
+
(N2 − 16)
2N
(dabedcde + dadedbce). (A.17)
Two and three products of these and the Jacobi identities (A.1)-(A.10) are given in [4]. The
last Jacobi identity which was missing in [4] is included in (A.11). The four products between
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d and f symbols (A.12)-(A.17) are given in [42] with an appropriate normalization. In this
paper, the identities (A.1)-(A.7), (A.10), (A.11) and (A.14) are used mainly and the other
identities can be used for higher order representations of SU(N).
Appendix B The operator product expansions between
the spin 1 current and primary spin 3 and
4 currents in subsection 2.2
Let us continue to simplify the 1
(z−w)2
terms in the operator product expansion (2.23). First
of all, by using the d symbol (2.12) one can write down k-dependent term as follows:
dabcdJcJd(w) = dabcQc(w)− (N
2 − 4)(N2 − 3)
N(N2 + 1)
fabc∂Jc(w) + 2dacedbdeJcJd(w)
− 8(N
2 − 4)
N(N2 + 1)
JaJ b(w)− 4(N
2 − 4)
N(N2 + 1)
δabJcJc(w). (B.1)
Now let us consider the next term. The dff terms can be simplified by the identity (A.14).
dbcdef fdgfacfJgJe(w) =
4(N2 − 4)
(N2 + 1)
fabc∂Jc(w)− 4(2N
2 − 3)
N(N2 + 1)
dabcQc(w)
+
4(N2 − 4)(N2 + 3)
N2(N2 + 1)
JaJ b(w) +
4(N2 − 4)(N2 − 3)
N2(N2 + 1)
δabJcJc(w)
− 2(N
4 − 3N2 + 6)
N(N2 + 1)
dacedbdeJcJd(w). (B.2)
We also used the identity (A.11) for the ff terms. For the next term, one writes down
dbcdef fegfacfJdJg(w) = dbcdef fdgfacfJgJe(w) + dbcdef fdgfacff egh∂Jh(w), (B.3)
by interchanging an index d and an index e that are dummy indices. Moreover, the second
term can be further simplified as before and this becomes 2(N
2−4)(N2−9)
(N2+1)
fabh∂Jh(w). Of course
the first term of the equation (B.3) is given by the relation (B.2). Similarly, one obtains the
final term
dbcdef fegfadfJcJg(w) = dbcdef fdgfacfJgJe(w) +
2(N2 − 4)(N2 − 9)
(N2 + 1)
fabc∂Jc(w). (B.4)
Therefore, by collecting the four terms characterized by (B.1), (B.2), (B.3) and (B.4), one
arrives at the final simplified expression for the 1
(z−w)2
terms in the operator product expansion
Ja(z)T
(3,1)
b (w). See the operator product expansion (B.10) for the complete expression we will
present below.
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Let us move on the 1
(z−w)
terms. By multiplying facfJf into the relation (B.1) to the left,
one has the following expression
facfdbcdeJfJdJe(w) = facfdbcdJfQd(w)− (N
2 − 4)(N2 − 3)
N(N2 + 1)
facff bcdJf∂Jd(w)
− 4(N
2 − 4)
N(N2 + 1)
fabcJcJdJd(w) + 2facfdbdgdcegJfJdJe(w) +
8(N2 − 4)
(N2 + 1)
J b∂Ja(w)
− 8(N
2 − 4)
N(N2 + 1)
facff fbg∂JgJc(w). (B.5)
Here we also rewrite facfJfJ bJc term in terms of J b∂Ja term and facff fbg∂JgJc term. By
moving the current Jf to the left and interchanging between the index d and the index c that
are dummy indices, one has
dbcdefadfJcJfJe(w) = facfdbcdeJfJdJe(w) + dbcdefadff cfg∂JgJe(w). (B.6)
The first term of the equation (B.6) is equal to the expression (B.5). How does one determine
the second term above? With 4 index d symbol (2.12), one can use the identities (A.14) and
(A.6) and it leads to
dbcdefadff cfg∂JgJe(w) =
8(N2 − 4)
N2(N2 + 1)
∂JaJ b(w) +
4(4−N2)
N2
δab∂JcJc(w)
+
2(N2 − 4)
N
dacedbde∂JcJd(w) +
4
N
dabcdcde∂JdJe(w) +
4(4−N2)
N2
∂J bJa(w) (B.7)
+
4
N
dacedbde∂JdJc(w) +
4(N2 − 4)
N(N2 + 1)
facef bde∂JdJc(w)− 4(N
2 − 4)
N(N2 + 1)
fabef cde∂JcJd(w).
One also has the following term by changing the index d and the index f that are dummy
indices
dbcdefadfJcJfJe(w) = dbcfefafdJcJdJe(w) = dbcdefadfJcJfJe(w), (B.8)
where we changed the index d and f again and this is equal to the relation (B.5). Let us
consider the final term by moving the current Jf to the left.
dbcdefaefJcJdJf (w) = dbcdefadfJcJfJe(w) + dbcdefadff efgJc∂Jg(w), (B.9)
where the first term is exactly the same as the relation (B.5) via the relation (B.8) and one
should simplify the second term. By moving the current ∂Jg to the left, one gets that the
second term is given by both the equation (B.7) and − (N2−4)(N2−9)
(N2+1)
fabc∂2Jc(w). By combining
the expressions given in (B.5), (B.6), and (B.9) altogether with correct multiplicities, one
obtains the final expression which will be present in the operator product expansion (B.10).
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Then finally, one arrives at the following operator product expansion from the result in
the previous subsection 2.2 and the results in this Appendix 13
Ja(z)T
(3,1)
b (w) = −
1
(z − w)3
2(N2 − 4)(N2 − 9)
(N2 + 1)
fabcJc
+
1
(z − w)2
[
(−3k − 12(2N
2 − 3)
N(N2 + 1)
)dabcQc +
(N2 − 4)
(N2 + 1)
(
3k
N
(N2 − 3) + 4(N2 − 6))fabc∂Jc
+(−6k − 6
N(N2 + 1)
(N4 − 3N2 + 6))dacedbdeJcJd
+
12(N2 − 4)
N(N2 + 1)
(2k +
(N2 + 3)
N
)JaJ b +
12(N2 − 4)
N(N2 + 1)
(k +
(N2 − 3)
N
)δabJcJc
]
+
1
(z − w)
[
−3facedbdeJcQd − 3(N
2 − 4)(N2 − 3)
N(N2 + 1)
facef bdeJc∂Jd + 6facfdbdgdcegJfJdJe
+
24(N2 − 4)
(N2 + 1)
J b∂Ja +
12(N2 − 6)
N(N2 + 1)
facef bde∂JdJc − 12(N
2 − 4)
N(N2 + 1)
fabcJcJdJd
+
24(N2 − 4)
N2(N2 + 1)
∂JaJ b − 12(N
2 − 4)
N2
δab∂JcJc +
6(N2 − 4)
N
dacedbde∂JcJd
+
12
N
dabcdcde∂JdJe − 12(N
2 − 4)
N2
∂J bJa +
12
N
dacedbde∂JdJc
−12(N
2 − 4)
N(N2 + 1)
fabcf cde∂JdJe − (N
2 − 4)(N2 − 9)
(N2 + 1)
fabc∂2Jc
]
+ · · · . (B.10)
Let us consider the 1
(z−w)2
term in (2.24). Let us first note
dabcdJ bJcJd(w) = 3dabcJ bQc(w)− 12(N
2 − 4)
N(N2 + 1)
JaJ bJ b(w) +
2(N2 − 4)(N2 − 3)
N(N2 + 1)
fabc∂J bJc(w)
− (N
2 − 4)(N2 − 3)
N(N2 + 1)
fabcJ b∂Jc(w). (B.11)
This can be seen from the relation (B.1) by multiplying one more current J b where we use
the identity (A.7) and rearrange the currents in order to simplify. The first term of d symbol
in (2.12) contributes to −NdabcJ bQc(w) via the relation (A.6). The second and third terms
of d symbol in (2.12) can be used by the identity (A.14). The JgJdJe(w) term in the 1
(z−w)2
terms can be summarized by
fabff fcgdbcdeJgJdJe(w) = −2NdabcJ bQc(w)− 12(N
2 − 4)
N(N2 + 1)
JaJ bJ b(w) +
4(N2 − 4)
N(N2 + 1)
fabcJ b∂Jc(w)
− 8(N
2 − 4)
N(N2 + 1)
fabc∂J bJc(w). (B.12)
13Sometimes we do not specify the argument of w for the field on the right hand side of any operator
product expansion as in (B.10) for simplicity.
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The JcJgJe(w) term consists of the relation (B.12) and −2(N2−4)(N2−9)
(N2+1)
fabc∂J bJc(w). The
JcJdJg(w) term can be written in terms of JcJgJe(w) term plus 2(N
2
−4)(N2−9)
(N2+1)
fabc(J b∂Jc(w)−
∂J bJc(w)). Moreover the J bJgJe(w) term is the same as the JcJgJe(w) term, the J bJdJg(w)
term becomes the JcJdJg(w) term and similarly, the J bJcJg(w) term becomes the JcJdJg(w)
term. One obtains six JgJdJe(w) terms and 2(N
2−4)(N2−9)
(N2+1)
fabc(3J b∂Jc(w) − 5∂J bJc(w)) by
combining all these terms. See the operator product expansion (B.13) for complete expression
below.
Finally, one arrives at the following operator product expansion from the result in the
previous subsection 2.2 and the results in this Appendix as follows:
Ja(z)T (4,0)(w) =
1
(z − w)4
4N(N2 − 4)(N2 − 9)
(N2 + 1)
Ja − 1
(z − w)3
4N(N2 − 4)(N2 − 9)
(N2 + 1)
∂Ja
+
1
(z − w)2
[
−12(N + k)dabcJ bQc + 48(N
2 − 4)(N + k)
N(N2 + 1)
JaJ bJ b
+
2(N2 − 4)
N(N2 + 1)
(3N(N2 − 5) + 2k(N2 − 3))fabcJ b∂Jc
− 2(N
2 − 4)
N(N2 + 1)
(N(5N2 − 21) + 4k(N2 − 3))fabc∂J bJc
]
+ · · · . (B.13)
There exist 1
(z−w)
terms in the operator product expansion (B.13). They are
dbcde
[
fabfJfJcJdJe(w) + facfJ bJfJdJe(w) + fadfJ bJcJfJe(w) + faefJ bJcJdJf (w)
]
.(B.14)
Let us look at the first term of the relation (B.14). This can be written, by multiplying the
current Jf into the relation (B.11) with fabf , as follows:
fabfdbcdeJfJcJdJe(w) = −3fabcdcdeJ bJdQe(w) + 12(N
2 − 4)
(N2 + 1)
∂JaJ bJ b(w) (B.15)
+
(N2 − 4)(N2 − 3)
N(N2 + 1)
fabcf cdeJ bJd∂Je(w)− 2(N
2 − 4)(N2 − 3)
N(N2 + 1)
fabcf cdeJ b∂JdJe(w).
In order to simplify the second term of (B.14), we move the current Jf to the left and then
the first term of (B.15) occurs and the extra piece has the following form
fabff cfgdbcde∂JgJdJe(w) =
2(N2 − 4)(N2 − 3)
N(N2 + 1)
dabc∂J bQc(w) +
4(N2 − 4)
(N2 + 1)
fabc∂J b∂Jc(w)
− 24(N
2 − 4)
N2(N2 + 1)
∂JaJ bJ b(w)− 8(N
2 − 4)(N2 − 3)
N2(N2 + 1)
∂J bJ bJa(w)
+
8(2N2 − 3)
N(N2 + 1)
dabcdcde∂JdJeJ b(w). (B.16)
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In the relation (B.1), we have simplified expression and we multiply ∂Jg with f symbols.
Using the identities (A.6), (A.5), (A.14) and (A.11) we obtain the right hand side of (B.16).
For the third term of (B.14), we move the current Jf to the left. Then we have the
second term of (B.14), the extra piece (B.16) and (N
2−4)(N2−9)
(N2+1)
fabc∂2J bJc(w). The fourth
term of (B.14) can be written as the third term of (B.14) and the extra piece (B.16) and
(N2−4)(N2−9)
(N2+1)
fabc(∂2J bJc(w)− J b∂Jc(w)).
It turns out that the final expression consists of four of (B.15), six of (B.16) and
(N2 − 4)(N2 − 9)
(N2 + 1)
fabc
[
3∂2J bJc(w)− J b∂2Jc(w)
]
. (B.17)
So combining the relations (B.15), (B.16) and (B.17), it turns out to be
−12fabcdcdeJ bJdQe(w) + 6(N2 − 4)fabcJ b∂2Jc(w) + 12Ndabcdcde∂JdJeJ b(w)
−2N(N2 − 4)∂3Ja(w). (B.18)
For N = 4, we have checked that the equation (B.18) vanishes.
The fundamental results of this Appendix will be used in next Appendices.
Appendix C The operator product expansions between
the spins 1, 2 currents and various spin 4 cur-
rents in subsection 2.2
Using the identity (A.15) of [4], one writes the following relation
(JaJa)(J bJ b)(z) = −2(k +N)∂2JaJa(z) + JaJaJ bJ b(z), (C.1)
and from the defining equation (2.2), one has
∂2T (z) = − 1
(k +N)
[
∂Ja∂Ja(z) + ∂2JaJa(z)
]
, (C.2)
and also the following relation holds
QaQa(z) = dabcdadeJ bJcJdJe(z)− 2
N
(N2 − 4)(2k +N)∂2JaJa(z). (C.3)
We present some operator product expansions between the primary spin 1 current and other
spin 4 currents as follows:
Ja(z)QbQb(w) =
1
(z − w)4
2
N
(N2 − 4)(N + 2k)(5N + 6k)Ja
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+
1
(z − w)32(N
2 − 4)(N + 2k)∂Ja
+
1
(z − w)2
[
−2(N + k)dabc(J bQc +QbJc)
+
(N2 − 4)(N + 2k)
N
fabc(∂J bJc − J b∂Jc)
]
+ · · · , (C.4)
Ja(z)T 2(w) =
1
(z − w)43J
a +
1
(z − w)2 [J
aT + TJa] + · · · , (C.5)
Ja(z)∂2T (w) =
1
(z − w)46J
a +
1
(z − w)34∂J
a +
1
(z − w)2∂
2Ja + · · · , (C.6)
Ja(z)∂2J bJ b(w) = − 1
(z − w)42(2N + 3k)J
a − 1
(z − w)32N∂J
a
+
1
(z − w)2
[
−2fabc∂J bJc − k∂2Ja
]
+ · · · . (C.7)
Then one obtains the operator product expansions between Ja(z) and the currents J bJ bJcJc(w),
∂J b∂J b(w) and dbcfddefJ bJcJdJe(w) through the relations (C.4), (C.5), (C.6), and (C.7). We
also consider some operator product expansions between the stress energy tensor and other
spin 4 currents as follows:
T (z)T 2(w) =
1
(z − w)6
3k(N2 − 1)
N + k
+
1
(z − w)4
[
8 +
k
N + k
(N2 − 1)
]
T
+
1
(z − w)33∂T +
1
(z − w)24T
2 +
1
(z − w)∂T
2 + · · · , (C.8)
T (z)∂2T (w) =
1
(z − w)6
10k
N + k
(N2 − 1) + 1
(z − w)412T +
1
(z − w)310∂T
+
1
(z − w)24∂
2T +
1
(z − w)∂
3T + · · · , (C.9)
T (z)∂2J bJ b(w) = − 1
(z − w)66k(N
2 − 1) + 1
(z − w)46J
aJa +
1
(z − w)36∂J
aJa
+
1
(z − w)24∂
2JaJa +
1
(z − w)∂(∂
2JaJa) + · · · . (C.10)
The operator product expansion T (z)QaQa(w) is given in (2.26). The operator product
expansions between T (z) and the currents J bJ bJcJc(w), ∂J b∂J b(w) and dbcfddefJ bJcJdJe(w)
can be obtained similarly from the above relations (C.8), (C.9) and (C.10). One should have
the operator product expansions between the coset stress energy tensor (3.6) with (3.7) and
other currents in next Appendices. Then it is better to write down the relations (C.8), (C.9)
and (C.10) in terms of the coset central charge (3.9). For example, the operator product
expansion T˜ (z)T˜ 2(w) can be read off from the equation (C.8) by taking the central charge c
(2.4) as the coset central charge c˜ (3.9) and the stress energy tensor T (w) as the coset stress
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energy tensor T˜ (w) on the right hand side of (C.8). It is not right to replace k with k1 + k2
and T (w) as T˜ (w). That is, the 1
(z−w)4
term of the operator product expansion T˜ (z)T˜ 2(w) is
(8 + c˜)T˜ (w) that is not equal to [8 + k1+k2
N+k1+k2
(N2 − 1)]T˜ (w).
Appendix D The operator product expansions between
the diagonal spin 1 current and various spin
4 currents in subsection 3.2
We summarize the operator product expansions between the diagonal primary spin 1 current
(3.4) and various spin 4 currents as follows:
J ′a(z)dbcdeJ bJcJdJe(w) =
1
(z − w)4
4N(N2 − 4)(N2 − 9)
(N2 + 1)
Ja
− 1
(z − w)3
4N(N2 − 4)(N2 − 9)
(N2 + 1)
∂Ja +
1
(z − w)2
[
−12(N + k1)dabcJ bQc
+
48(N2 − 4)(N + k1)
N(N2 + 1)
JaJ bJ b +
2(N2 − 4)
N(N2 + 1)
(3N(N2 − 5) + 2k1(N2 − 3))fabcJ b∂Jc
− 2(N
2 − 4)
N(N2 + 1)
(N(5N2 − 21) + 4k1(N2 − 3))fabc∂J bJc
]
+ · · · , (D.1)
J ′a(z)dbcdeJ bJcJdKe(w) =
1
(z − w)3
2(N2 − 4)(N2 − 9)
(N2 + 1)
fabcJ bKc
+
1
(z − w)2
[
(−3k1 − 12(2N
2 − 3)
N(N2 + 1)
)dabcQbKc − (N
2 − 4)
(N2 + 1)
(
3k1(N
2 − 3)
N
+ 4(N2 − 6))fabc∂J bKc
−6(k1 + N
4 − 3N2 + 6
N(N2 + 1)
)dacedbdeJcJdKb +
12(N2 − 4)
N(N2 + 1)
(2k1 +
N2 + 3
N
)JaJ bKb
+
12(N2 − 4)
N(N2 + 1)
(k1 +
N2 − 3
N
)J bJ bKa − 3k2dabcJ bQc
+
12k2(N
2 − 4)
N(N2 + 1)
JaJ bJ b − k2(N
2 − 4)(N2 − 3)
N(N2 + 1)
fabc(2∂J bJc − J b∂Jc)
]
+ · · · , (D.2)
J ′a(z)dbcdeJ bJcKdKe(w) =
1
(z − w)2
[
−(4k1 + 8(2N
2 − 3)
N(N2 + 1)
)dacedbdeJ bKcKd
−2(k1 + (N
2 − 4)(N2 − 3)
N(N2 + 1)
)dabcJ bRc +
2(N2 − 4)
N2 + 1
(
k1(N
2 − 3)
N
+ 2)fabcJ b∂Kc
+
8(N2 − 4)
N(N2 + 1)
(2k1 +
N2 − 3
N
)J bKaKb +
8(N2 − 4)
N(N2 + 1)
(k1 +
3
N
)JaKbKb
−2(k2 + (N
2 − 4)(N2 − 3)
N(N2 + 1)
)dabcQbKc − 2(N
2 − 4)
N2 + 1
(
k2(N
2 − 3)
N
+ 2)fabc∂J bKc
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+
8(N2 − 4)
N(N2 + 1)
(2k2 +
N2 − 3
N
)JaJ bKb +
8(N2 − 4)
N(N2 + 1)
(k2 +
3
N
)J bJ bKa
− 4(k2 + 2(2N
2 − 3)
N(N2 + 1)
)dacedbdeJcJdKb
]
+ · · · , (D.3)
J ′a(z)dbcdeJ bKcKdKe(w) = J ′a(z)dbcdeJ bJcJdKe(w)|k1↔k2,Ja↔Ka, (D.4)
J ′a(z)dbcdeKbKcKdKe(w) = J ′a(z)dbcdeJ bJcJdJe(w)|k1↔k2,Ja↔Ka, (D.5)
J ′a(z)dbcfddefJ bJcJdJe(w) =
1
(z − w)42(N
2 − 4)(N + 2k1)Ja
− 1
(z − w)32(N
2 − 4)(N + 2k1)∂Ja + 1
(z − w)2
[
−4(N + k1)dabcJ bQc
− (N
2 − 4)(N + 2k1)
N
fabc(∂J bJc − J b∂Jc)
]
+ · · · , (D.6)
J ′a(z)dbcfddefJ bJcJdKe(w) =
1
(z − w)42k1(N
2 − 4)Ka + 1
(z − w)3 (1−
2k1
N
)(N2 − 4)fabcJ bKc
+
1
(z − w)2
[
(−(N + k1) + 2
N
(N2 − 4))dabcQbKc
+(−(N + 2k1)− 2
N
(N2 − 4))dacedbdeJcJdKb − (N2 − 4)fabc∂J bKc − k2dabcJ bQc
− k2(N
2 − 4)
N
fabc(∂J bJc − J b∂Jc)− 8(N
2 − 4)
N2
(JaJ bKb − J bJ bKa)
]
+ · · · , (D.7)
J ′a(z)dbcfddefJ bJcKdKe(w) = − 1
(z − w)2
[
(N + 2k1)d
abcJ bRc + (N + 2k2)d
abcQbKc
]
+ · · · , (D.8)
J ′a(z)dbcfddefJ bKcKdKe(w) = − 1
(z − w)3
1
N
(N2 − 4)(N + 2k2)fabcJ bKc + 1
(z − w)2 [
−k1dabcKbRc − (N + k2)dabcJ bRc − (N + 2k2)dacedbdeJ bKcKd
+
1
N
(N2 − 4)(N + 2k2)fabcJ b∂Kc
]
+ · · · , (D.9)
J ′a(z)dbcfddefKbKcKdKe(w) = J ′a(z)dbcfddefJ bJcJdJe(w)|k1↔k2,Ja↔Ka, (D.10)
J ′a(z)J bJ bJcJc(w) =
1
(z − w)44N(N + k1)J
a − 1
(z − w)34N(N + k1)∂J
a
+
1
(z − w)2
[
−4(N + k1)JaJ bJ b − 2(N + k1)fabc∂J bJc + 2(N + k1)fabcJ b∂Jc
]
+ · · · , (D.11)
J ′a(z)J bJ bJcKc(w) =
1
(z − w)42Nk1K
a +
1
(z − w)32(N − k1)f
abcJ bKc
+
1
(z − w)2
[
−k2JaJ bJ b − k2fabc∂J bJc + k2fabcJ b∂Jc + (−k1 + 8
N
)J bJ bKa
− (2(N + k1) + 8
N
)JaJ bKb − 2Nfabc∂J bKc − 2dacedbdeJcJdKb + 2dabcQbKc
]
+ · · · , (D.12)
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J ′a(z)J bJ bKcKc(w) = − 1
(z − w)22
[
(N + k1)J
aKbKb + (N + k2)J
bJ bKa
]
+ · · · , (D.13)
J ′a(z)J bKbKcKc(w) = − 1
(z − w)32(N + k2)f
abcJ bKc +
1
(z − w)2
[
−k1KaKbKb
− k2JaKbKb − 2(N + k2)J bKaKb + 2(N + k2)fabcJ b∂Kc
]
+ · · · , (D.14)
J ′a(z)KbKbKcKc(w) = J ′a(z)KbKbKcKc(w)|k1↔k2,Ja↔Ka, (D.15)
J ′a(z)∂2J bJ b(w) = − 1
(z − w)42(2N + 3k1)J
a − 1
(z − w)32N∂J
a
+
1
(z − w)2
[
−k1
N
fabcJ b∂Jc − (2 + k1
N
)fabc∂J bJc
]
+ · · · , (D.16)
J ′a(z)∂2J bKb(w) = − 1
(z − w)46k1K
a − 1
(z − w)3f
abcJ bKc
+
1
(z − w)2
[
−k2
N
fabc(∂J bJc + J b∂Jc)− 2fabc∂J bKc
]
+ · · · , (D.17)
J ′a(z)∂2KbKb(w) = J ′a(z)∂2J bJ b(w)|k1↔k2,Ja↔Ka, (D.18)
J ′a(z)∂J b∂J b(w) = − 1
(z − w)42NJ
a − 1
(z − w)32(N + 2k1)∂J
a
+
1
(z − w)2f
abc(∂J bJc − J b∂Jc) + · · · , (D.19)
J ′a(z)∂J b∂Kb(w) = − 1
(z − w)32 [k1∂K
a + k2∂J
a] +
1
(z − w)2f
abc(∂J bKc − J b∂Kc)
+ · · · , (D.20)
J ′a(z)∂Kb∂Kc(w) = J ′a(z)∂J b∂Jc(w)|k1↔k2,Ja↔Ka, (D.21)
J ′a(z)J b∂2Kb(w) = J ′a(z)∂2J bKb(w)|k1↔k2,Ja↔Ka. (D.22)
In the operator product expansion (D.1), since the current Ka(z) commutes with J b(z)’s, one
gets this from the operator product expansion (B.13) exactly 14. In the operator product
expansion (D.2), one uses the operator product expansion (B.10), the defining equation (3.3)
and the relation (B.11). In the operator product expansion (D.3), one can use the operator
product expansion (2.22) and its version for the Ka current, that is, the operator product
expansion between Ka(z) and dbcdeKdKe(w). Then one should simplify further. The following
14Sometimes it is better to describe the operator product expansions for arbitrary k1 and k2 instead of
putting k1 = 1, k2 = k due to the fact that by using the symmetry between these levels and the symmetry of
the two currents Ja(z),Ka(z), some of the operator product expansions can be determined by known operator
product expansions. For example, in (D.4), we do not have to compute the operator product expansion newly.
Once the operator product expansion J ′a(z)dbcdeJbJcJdKe(w) is known, then the operator product expansion
J ′a(z)dbcdeJbKcKdKe(w) is automatically determined by taking Ja ↔ Ka and k1 ↔ k2 on the above known
operator product expansion. However, once k1 = 1 and k2 = k are fixed from the beginning, one should
compute the operator product expansion J ′a(z)dbcdeJbKcKdKe(w) independently because one cannot find
k1 dependence.
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triple product dJKK can be obtained from the relation (B.1) by replacing the current Ja(w)’s
with Ka(w)’s and then we multiply J b current to the left with d symbol as follows:
dabcdJ bKcKd(w) = 2dacedbdeJ bKcKd(w) + dabcJ bRc(w)− (N
2 − 4)(N2 − 3)
N(N2 + 1)
fabcJ b∂Kc(w)
− 4(N
2 − 4)
N(N2 + 1)
[
2J bKaKb(w) + JaKbKb(w)
]
, (D.23)
where we introduce the spin 2 field for the Ka(w) current corresponding to (2.7)
Ra(w) ≡ dabcKbKc(w). (D.24)
One also has the following relation
fadff fegdbcdeJgKbKc(w) = −2(N
2 − 4)(N2 − 3)
N(N2 + 1)
dabcJ bRc(w) +
4(N2 − 4)
(N2 + 1)
fabcJ b∂Kc(w)
+
24(N2 − 4)
N2(N2 + 1)
JaKbKb(w) +
8(N2 − 4)(N2 − 3)
N2(N2 + 1)
J bKaKb(w)
− 8(2N
2 − 3)
N(N2 + 1)
dacedbdeJ bKcKd(w), (D.25)
where the relation (B.1) is used, the Ja’s are exchanged with the current Ka’s as before, the
current Ja is multiplied and the spin 2 field (D.24) is used. Then the identities (A.6), (A.14),
(A.7) and (A.11) are used. Similarly, one can write down
dabcdJ bJcKd(w) = 2dadedbceJ bJcKd(w) + dabcKbQc(w) +
(N2 − 4)(N2 − 3)
N(N2 + 1)
fabc∂J bKc(w)
− 4(N
2 − 4)
N(N2 + 1)
[
2JaJ bKb(w) + J bJ bKa(w)
]
, (D.26)
which can be seen from the identity (B.1) and by multiplying two f symbols into (D.26) one
has the relation
fadff fegdbcdeJ bJcKg(w) = −2(N
2 − 4)(N2 − 3)
N(N2 + 1)
dabcQbKc(w)− 4(N
2 − 4)
(N2 + 1)
fabc∂J bKc(w)
+
24(N2 − 4)
N2(N2 + 1)
J bJ bKa(w) +
8(N2 − 4)(N2 − 3)
N2(N2 + 1)
JaJ bKb(w)
− 8(2N
2 − 3)
N(N2 + 1)
dacedbdeJcJdKb(w). (D.27)
In the operator product expansion (D.4), one has the following relation
dabcdKbKcKd(w) = 3dabcKbRc(w)− 12(N
2 − 4)
N(N2 + 1)
KaKbKb(w) +
2(N2 − 4)(N2 − 3)
N(N2 + 1)
fabc∂KbKc(w)
− (N
2 − 4)(N2 − 3)
N(N2 + 1)
fabcKb∂Kc(w). (D.28)
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This can be seen from the relation (B.11) by replacing the currents Ja’s with the currents
Ka’s. In the operator product expansion (D.6), one can use the relations (C.3), (C.4) and
(C.7). In the operator product expansion (D.7), one also need to have
dadedbceJ bJcJd(w) = dabcJ bQc(w) +
N2 − 4
N
fabc
[
∂J bJc(w)− J b∂Jc(w)
]
. (D.29)
One can check this by moving the current Jd to the left together with the identity (A.7). One
also has the following relation
f cegfaghJhJcKe(w) = dabcQbKc(w)− 4
N
[
JaJ bKb(w)− J bJ bKa(w)
]
− dacedbdeJcJdKb(w)−Nfabc∂J bKc(w), (D.30)
where the identities (A.11) and (A.7) are used. In the operator product expansion (D.8), one
uses the defining equation (2.9). In the operator product expansion (D.9), we also used the
following relation
dbcfdafgJ bKcKg(w) = dacedbdeJ bKcKd(w)− N
2 − 4
N
fabcJ b∂Kc(w). (D.31)
In the operator product expansion (D.11), the properties (C.1), (C.5) and (C.7) are used.
From the relation,
JaJaJ b(w) = −2(N + k1)J bT(1)(w) + 2f bcd∂JcJd(w)−N∂2J b(w), (D.32)
one can compute the operator product expansion (D.12) where the following operator product
expansions are used
Ja(z)J bT(1)(w) =
1
(z − w)3f
abcJc +
1
(z − w)2
[
−k1δabT(1) + J bJa
]
,
+
1
(z − w)f
abcJcT(1) + · · · ,
Ja(z)f bcd∂JcJd(w) = − 1
(z − w)42Nk1δ
ab +
1
(z − w)3 (N + 2k1)f
abcJc
+
1
(z − w)2
[
facef bcdJeJd − k1fabc∂Jc
]
+
1
(z − w)
[
facef bcd∂JeJd − facef bcd∂JdJe
]
+ · · · . (D.33)
In the operator product expansion (D.13), the operator product expansion between Ja(z)
and T(1)(w) is used. In the operator product expansion (D.14), the first equation of (D.33)
(with the current Ka) can be used: that is, the operator product expansion Ka(z)KbT(2)(w).
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In the operator product expansion (D.16), the operator product expansion (C.7) is used. In
the operator product expansion (D.17), the defining equation (2.1) is used. Moreover, in the
operator product expansion (D.19), the relations (C.2), (C.6) and (C.7) are used. In the
operator product expansion (D.20), the relation (2.1) is used.
Therefore, the independent field contents from the equations (B.11), (D.23), (D.25),
(D.26), (D.27), (D.28), (D.29), (D.30) and (D.31) can be summarized by eighteen fields in
the 1
(z−w)2
terms in the operator product expansions between the diagonal spin 1 current and
spin 4 currents. See also the expression (F.2) we will explain in next Appendix.
Appendix E The operator product expansions between
the stress tensor and various spin 4 currents
in subsection 3.2
Let us introduce the following simplified notation as in (3.18)
T(1)(z) + T(2)(z) ≡ Tˆ (z). (E.1)
Any spin 4 field Φ(z) satisfies Tˆ (z)Φ(w) = · · ·+ 1
(z−w)2
4Φ(w)+ 1
(z−w)
∂Φ(w)+· · ·. For simplicity,
we present the only higher order singular terms 1
(z−w)n
with n > 2 and we assume 1
(z−w)2
and
1
(z−w)
terms as above:
Tˆ (z)dbcdeJ bJcJdJe(w) = + · · · , (E.2)
Tˆ (z)dbcdeJ bJcJdKe(w) = + · · · , (E.3)
Tˆ (z)dbcdeJ bJcKdKe(w) = + · · · , (E.4)
Tˆ (z)dbcdeJ bKcKdKe(w) = + · · · , (E.5)
Tˆ (z)dbcdeKbKcKdKe(w) = + · · · , (E.6)
Tˆ (z)dbcfddefJ bJcJdJe(w) = − 1
(z − w)4
4
N
(N2 − 4)(N + 2k1)JaJa + · · · , (E.7)
Tˆ (z)dbcfddefJ bJcJdKe(w) = − 1
(z − w)4
4k1
N
(N2 − 4)JaKa
− 1
(z − w)32(N
2 − 4)∂JaKa + · · · , (E.8)
Tˆ (z)dbcfddefJ bJcKdKe(w) = + · · · , (E.9)
Tˆ (z)dbcfddefJ bKcKdKe(w) = − 1
(z − w)4
2
N
(N2 − 4)(N + 2k2)JaKa + · · · , (E.10)
Tˆ (z)dbcfddefKbKcKdKe(w) = Tˆ (z)dbcfddefJ bJcJdJe(w)|k1↔k2,Ja↔Ka, (E.11)
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Tˆ (z)J bJ bJcJc(w) = − 1
(z − w)42
[
2(N + k1) + k1(N
2 − 1)
]
JaJa + · · · , (E.12)
Tˆ (z)J bJ bJcKc(w) = − 1
(z − w)4k1(N
2 + 1)JaKa − 1
(z − w)32N∂J
aKa
+ · · · , (E.13)
Tˆ (z)J bJ bKcKc(w) = − 1
(z − w)4 (N
2 − 1) [k1KaKa + k2JaJa] + · · · , (E.14)
Tˆ (z)J bKbKcKc(w) = − 1
(z − w)4
[
2(N + k2) + (N
2 − 1)k2
]
JaKa + · · · , (E.15)
Tˆ (z)KbKbKcKc(w) = Tˆ (z)J bJ bJcJc(w)|k1↔k2,Ja↔Ka, (E.16)
Tˆ (z)∂2J bJ b(w) = − 1
(z − w)66k1(N
2 − 1) + 1
(z − w)46J
aJa
+
1
(z − w)36∂J
aJa + · · · , (E.17)
Tˆ (z)∂2J bKb(w) =
1
(z − w)46J
aKa(w) +
1
(z − w)36∂J
aKa + · · · , (E.18)
Tˆ (z)∂2KbKb(w) = Tˆ (z)∂2J bJ b(w)|k1↔k2,Ja↔Ka, (E.19)
Tˆ (z)∂J b∂J b(w) = − 1
(z − w)64k1(N
2 − 1) + 1
(z − w)32∂(J
aJa) + · · · , (E.20)
Tˆ (z)∂J b∂Kb(w) =
1
(z − w)32 [J
a∂Ka(w) + ∂JaKa] + · · · , (E.21)
Tˆ (z)∂Kb∂Kc(w) = Tˆ (z)∂J b∂J b(w)|k1↔k2,Ja↔Ka, (E.22)
Tˆ (z)J b∂2Kb(w) = Tˆ (z)∂2J bKb(w)|k1↔k2,Ja↔Ka. (E.23)
According to the operator product expansions (2.17), (2.18), (2.19) and (2.20) and those
where the currents Ja(z) are replaced by the currents Ka(z), one obtains the operator product
expansions (E.2)-(E.6) because the operator product expansions of the stress energy tensors
T(1)(z) and T(2)(z) with spin-4 currents do not have any higher order singular terms and the
currents Ja(z) and Ka(z) commute with each other. In the operator product expansion (E.7),
one uses the relations (C.3) and (C.10) together with the operator product expansion (2.26).
By writing the spin 4 current,
dabedcdeJaJ bJcKd(w) = dabcJaQbKc(w)
− (N
2 − 4)
N
fabc
[
J b∂JcKa(w)− ∂J bJcKa(w)
]
, (E.24)
in order to compute the operator product expansion (E.8), one need to compute the following
operator product expansions
T(1)(z)J
aQb(w) = − 1
(z − w)4 (N + 2k1)d
abcJc +
1
(z − w)3f
abcQc
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+
1
(z − w)23J
aQb +
1
(z − w)∂(J
aQb) + · · · , (E.25)
T(1)(z)f
abc∂J bJc(w) =
1
(z − w)44NJ
a +
1
(z − w)32N∂J
a
+
1
(z − w)23f
abc∂J bJc +
1
(z − w)∂(f
abc∂J bJc) + · · · , (E.26)
T(1)(z)f
abcJ b∂Jc(w) =
1
(z − w)42NJ
a +
1
(z − w)34N∂J
a
+
1
(z − w)23f
abcJ b∂Jc +
1
(z − w)∂(f
abcJ b∂Jc) + · · · . (E.27)
In the operator product expansion (E.9), one uses the defining equation (2.10). Due to the
different index structures, one cannot obtain the operator product expansion (E.10) directly
from the operator product expansion (E.8) via symmetry arguments(k1 ↔ k2 and Ja ↔ Ka).
Instead, by using the relation (E.25), one gets the operator product expansion (E.10). From
the relations (C.1), (C.8) and (C.10), it is easy to see the operator product expansion (E.12).
With the relation (D.32) and the following operator product expansions
T(1)(z)J
bT(1)(w) =
1
(z − w)4
[
1 +
k1(N
2 − 1)
2(N + k1)
]
J b +
1
(z − w)23J
bT(1) +
1
(z − w)∂(J
bT(1))
+ · · · , (E.28)
T(1)(z)∂
2J b(w) =
1
(z − w)46J
b +
1
(z − w)36∂J
b +
1
(z − w)23∂
2J b +
1
(z − w)∂
3J b
+ · · · , (E.29)
together with the operator product expansion (E.26), one can check the relation (E.13). The
operator product expansion (E.29) can be obtained by adding the operator product expansions
(E.26) and (E.27). Of course, one also gets the operator product expansion
T(1)(z)J
aJaJ b(w) = − 1
(z − w)4k1(N
2 + 1)J b − 1
(z − w)32N∂J
b
+
1
(z − w)23J
aJaJ b +
1
(z − w)∂(J
aJaJ b) + · · · . (E.30)
This operator product expansion (E.30) is also useful to check the operator product expan-
sion (E.13). For the operator product expansion (E.14), one uses the defining equation (2.3).
For the operator product expansion (E.15), the relation (E.28) is used. In order to compute
the operator product expansion (E.17), one can use the relation (C.10). The relation (E.29)
gives the result of (E.18). By using the identities (C.2), (C.9) and (C.10), one gets the oper-
ator product expansion (E.20). The remaining operator product expansions can be obtained
similarly.
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Appendix F The coefficient functions that satisfy the lin-
ear equations in subsection 3.2
By collecting the 1
(z−w)2
terms in the operator product expansions (D.1)-(D.22) we have eigh-
teen equations for twenty two unknown coefficient functions.
[−12(N + k1)c1 − 3k2c2 − 4(N + k1)c6 − k2c7] dabcJ bQc = 0,[
48(N2 − 4)(N + k1)
N(N2 + 1)
c1 +
12k2(N
2 − 4)
N(N2 + 1)
c2 − 4(N + k1)c11 − k2c12
]
JaJ bJ b = 0,[
2(N2 − 4)
N(N2 + 1)
(3N(N2 − 5) + 2k1(N2 − 3))c1 + k2(N
2 − 4)(N2 − 3)
N(N2 + 1)
c2 +
(N2 − 4)(N + 2k1)
N
c6
+
(N2 − 4)k2
N
c7 + 2(N + k1)c11 + k2c12 − k1
N
c16 − k2
N
c17 − c19
]
fabcJ b∂Jc = 0,[
− 2(N
2 − 4)
N(N2 + 1)
(N(5N2 − 21) + 4k1(N2 − 3))c1 − 2k2(N
2 − 4)(N2 − 3)
N(N2 + 1)
c2
−(N
2 − 4)(N + 2k1)
N
c6
−(N
2 − 4)k2
N
c7 − 2(N + k1)c11 − k2c12 − (2 + k1
N
)c16 − k2
N
c17 + c19
]
fabc∂J bJc = 0,[
(−3k1 − 12(2N
2 − 3)
N(N2 + 1)
)c2 + (−2k2 − 2(N
2 − 4)(N2 − 3)
N(N2 + 1)
)c3 + (−(N + k1) + 2(N
2 − 4)
N
)c7
−(N + 2k2)c8 + 2c12] dabcQbKc = 0,[
−(N
2 − 4)
(N2 + 1)
(
3k1(N
2 − 3)
N
+ 4(N2 − 6))c2 − 2(N
2 − 4)
(N2 + 1)
(
k2
N
(N2 − 3) + 2)c3
−(N2 − 4)c7 − 2Nc12 − 2c17 + c20
]
fabc∂J bKc = 0,[
(−6k1 − 6(N
4 − 3N2 + 6)
N(N2 + 1)
)c2 + (−8(2N
2 − 3)
N(N2 + 1)
− 4k2)c3 + (−(N + 2k1)− 2
N
(N2 − 4))c7
−2c12] dacedbdeJcJdKb = 0,[
12(N2 − 4)
N(N2 + 1)
(2k1 +
N2 + 3
N
)c2 +
8(N2 − 4)
N(N2 + 1)
(2k2 +
N2 − 3
N
)c3
− 8
N2
(N2 − 4)c7 + (−2(N + k1)− 8
N
)c12
]
JaJ bKb = 0,[
12(N2 − 4)
N(N2 + 1)
(k1 +
N2 − 3
N
)c2 +
8(N2 − 4)
N(N2 + 1)
(k2 +
3
N
)c3 +
8(N2 − 4)
N2
c7 + (−k1 + 8
N
)c12
−2(N + k2)c13] J bJ bKa = 0,[
(−2k1 − 2(N
2 − 4)(N2 − 3)
N(N2 + 1)
)c3 + (−3k2 − 12(2N
2 − 3)
N(N2 + 1)
)c4 − (N + 2k1)c8
−(N + k2)c9] dabcJ bRc = 0,
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[
2(N2 − 4)
N2 + 1
(2 +
k1
N
(N2 − 3))c3 + (N
2 − 4)
(N2 + 1)
(
3k2(N
2 − 3)
N
+ 4(N2 − 6))c4
+
(N + 2k2)(N
2 − 4)
N
c9 + 2(N + k2)c14 − c20 + 2c22
]
fabcJ b∂Kc = 0,[
(−4k1 − 8(2N
2 − 3)
N(N2 + 1)
)c3 + (−6k2 − 6(N
4 − 3N2 + 6)
N(N2 + 1)
)c4 − (N + 2k2)c9
]
dacedbdeJ bKcKd = 0,[
(
8(N2 − 4)
N(N2 + 1)
(2k1 +
N2 − 3
N
)c3 +
12(N2 − 4)
N(N2 + 1)
(2k2 +
N2 + 3
N
)c4 − 2(N + k2)c14
]
J bKaKb = 0,[
8(N2 − 4)
N(N2 + 1)
(k1 +
3
N
)c3 +
12(N2 − 4)
N(N2 + 1)
(k2 +
N2 − 3
N
)c4 − 2(N + k1)c13 − k2c14
]
JaKbKb = 0,
[−3k1c4 − 12(N + k2)c5 − k1c9 − 4(N + k2)c10] dabcKbRc = 0,[
12k1(N
2 − 4)
N(N2 + 1)
c4 +
48(N2 − 4)(N + k2)
N(N2 + 1)
c5 − k1c14 − 4(N + k2)c15
]
KaKbKb = 0,[
k1(N
2 − 4)(N2 − 3)
N(N2 + 1)
c4 +
2(N2 − 4)
N(N2 + 1)
(3N(N2 − 5) + 2k2(N2 − 3))c5
+
(N2 − 4)(N + 2k2)
N
c10 + 2(N + k2)c15 − k2
N
c18 − c21 − k1
N
c22
]
fabcKb∂Kc = 0,[
−2k1(N
2 − 4)(N2 − 3)
N(N2 + 1)
c4 − 2(N
2 − 4)
N(N2 + 1)
(N(5N2 − 21) + 4k2(N2 − 3))c5
−(N
2 − 4)(N + 2k2)
N
c10 −2(N + k2)c15 − (2 + k2
N
)c18 + c21 − k1
N
c22
]
fabc∂KbKc = 0. (F.1)
Therefore, there exist the following independent terms
dabcJ bQc(w), JaJ bJ b(w), fabcJ b∂Jc(w), fabc∂J bJc(w), dabcQbKc(w), fabc∂J bKc(w),
dacedbdeJcJdKb(w), JaJ bKb(w), J bJ bKa(w), dabcJ bRc(w), fabcJ b∂Kc(w),
dacedbdeJ bKcKd(w), J bKaKb(w), JaKbKb(w), dabcKbRc(w), KaKbKb(w),
fabcKb∂Kc(w), fabc∂KbKc(w). (F.2)
The 1
(z−w)3
terms in the operator product expansions (D.1)-(D.22) provide three equations for
the coefficient functions[
−4N(N
2 − 4)(N2 − 9)
(N2 + 1)
c1 − 2(N2 − 4)(N + 2k1)c6 − 4N(N + k1)c11 − 2Nc16
−2(N + 2k1)c19 − 2k2c20] ∂Ja = 0,[
−4N(N
2 − 4)(N2 − 9)
(N2 + 1)
c5 − 2(N2 − 4)(N + 2k2)c10 − 4N(N + k2)c15 − 2Nc18
−2k1c20 − 2(N + 2k2)c21] ∂Ka = 0,[
2(N2 − 4)(N2 − 9)
(N2 + 1)
c2 − 2(N
2 − 4)(N2 − 9)
(N2 + 1)
c4 + (1− 2k1
N
)(N2 − 4)c7 − N
2 − 4
N
(N + 2k2)c9
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−2(k1 −N)c12 − 2(N + k2)c14 − 2c17 + 2c22] fabcJ bKc = 0. (F.3)
The 1
(z−w)4
terms in the operator product expansions (D.1)-(D.22) provide two equations for
the coefficient functions[
4N(N2 − 4)(N2 − 9)
(N2 + 1)
c1 + 2(N
2 − 4)(N + 2k1)c6 + 4N(N + k1)c11 − 2(2N + 3k1)c16
−2Nc19 − 6k2c22] Ja = 0,[
4N(N2 − 4)(N2 − 9)
(N2 + 1)
c5 + 2k1(N
2 − 4)c7 + 2(N2 − 4)(N + 2k2)c10 + 2Nk1c12
+ 4N(N + k2)c15 − 6k1c17 − 2(2N + 3k2)c18 − 2Nc21]Ka = 0. (F.4)
On the other hands, the 1
(z−w)3
terms in the operator product expansions (E.2)-(E.23) lead
to the following equations:[
−2(N2 − 4)c7 + 2c20 − 2Nc12 + 6c17
]
∂JaKa = 0,
[6c16 + 4c19] ∂J
aJa = 0,
[6c18 + 4c21] ∂K
aKa = 0,
[2c20 + 6c22] J
a∂Ka = 0. (F.5)
The 1
(z−w)4
terms in the operator product expansions (E.2)-(E.23) lead to the following equa-
tions:[
−4(N
2 − 4)(N + 2k1)
N
c6 − 2
[
2(N + k1) + k1(N
2 − 1)
]
c11 − k2(N2 − 1)c13 + 6c16
]
JaJa = 0,[
−4k1(N
2 − 4)
N
c7 − 2(N
2 − 4)(N + 2k2)
N
c9 − k1(N2 + 1)c12
+(−2(N + k2)− k2(N2 − 1))c14 + 6c17 + 6c22
]
JaKa = 0,[
−4(N
2 − 4)(N + 2k2)
N
c10 − k1(N2 − 1)c13 − 2(2(N + k2) + k2(N2 − 1))c15
+6c18]K
aKa = 0. (F.6)
Finally, the 1
(z−w)6
terms in the operator product expansions (E.2)-(E.23) provide the relation
[
−6k1(N2 − 1)c16 − 6k2(N2 − 1)c18 − 4k1(N2 − 1)c19 − 4k2(N2 − 1)c21
]
= 0. (F.7)
Then it is easy to see that c16 = 0 = c18 from the relation (F.5) by using the conditions
c19 = 0 = c21 which was shown in subsection 3.2. Then the equation (F.7) is automatically
satisfied. Now we are left with 18 equations in the relations (F.1), 3 equations in the relations
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(F.3), 2 equations in the relations (F.4), 2 equations in the relations (F.5) and 3 equations in
the relations (F.6). Totally, there are 28 equations we have to solve.
The coefficients satisfying the equations (F.1)-(F.7) are fixed and they can be written in
terms of c1
c2 =
−4N(N + k1)
3k2(N + 2k1)D(k1, k2, N)
[
90k31 + 270k
2
1k2 + 180k1k
2
2 + 255k
2
1N + 363k1k2N
− 72k22N − 36k21k22N + 48k1N2 − 100k31N2 − 102k2N2 − 332k21k2N2
− 202k1k22N2 − 60N3 − 266k21N3 − 478k1k2N3 + 52k22N3 + 12k21k22N3
− 106k1N4 + 10k31N4 + 84k2N4 + 62k21k2N4 + 50k1k22N4 + 72N5
+ 35k21N
5 + 115k1k2N
5 + 8k22N
5 + 30k1N
6 + 18k2N
6
]
c1,
c3 =
2N(N + k1)(2N + 3k1)(N
2 − 3)
k2D(k1, k2, N)
[
−5k1 − 5k2 − 10N + 2k1k2N + 7k1N2 + 7k2N2
+ 12N3
]
c1,
c4 =
4N(N + k1)(2N + 3k1)
3k2(2N + 3k2)D(k1, k2, N)
[
45k1k2 + 45k
2
2 + 30k1N + 120k2N + 18k
2
1k2N + 60N
2
+ 28k21N
2 − 34k1k2N2 − 50k22N2 − 4k1N3 − 142k2N3 − 6k21k2N3
− 72N4 − 16k21N4 − 11k1k2N4 + 5k22N4 − 26k1N5 + 10k2N5
]
c1,
c5 =
k1(N + k1)(2N + 3k1)
k2(N + k2)(2N + 3k2)D(k1, k2, N)
[
−18k21k2 − 36k1k22 − 18k32 − 12k21N − 75k1k2N
− 63k22N − 34k1N2 − 64k2N2 + 14k21k2N2 + 40k1k22N2 + 20k32N2 − 20N3 + 4k21N3
+ 78k1k2N
3 + 70k22N
3 + 28k1N
4 + 74k2N
4 − 4k1k22N4 − 2k32N4
+ 24N5 + 4k21N
5 − 3k1k2N5 − 7k22N5 + 6k1N6 − 6k2N6
]
c1,
c6 =
2(N2 − 9)
(N + 2k1)(N2 + 1)D(k1, k2, N)
[
−6k41 − 12k31k2 − 6k21k22 − 24k31N − 48k21k2N
− 24k1k22N − 53k21N2 − 46k2N3 + 12k21k2N3 + 10k1k22N3 − 20N4 + 22k21N4
+ 6k41N
4 + 46k1k2N
4 + 12k31k2N
4 + 20k22N
4 + 6k21k
2
2N
4 + 46k1N
5
+ 24k31N
5 + 44k2N
5 + 36k21k2N
5 + 10k1k
2
2N
5 + 24N6 + 31k21N
6
+ 31k1k2N
6 + 14k1N
7 + 2k2N
7 − 77k1k2N2 − 24k22N2 − 56k1N3
]
c1,
c7 = − 8N(N
2 − 9)(N + k1)
k2(N + 2k1)(N2 + 1)D(k1, k2, N)
[
5k31 − 2k21k2 − 7k1k22 − 7k21N − 33k1k2N
− 26k22N − 36k1N2 − 46k2N2 + 12k21k2N2 + 14k1k22N2 − 20N3 + 22k21N3 + 46k1k2N3
+ 20k22N
3 + 42k1N
4 − 5k31N4 + 44k2N4 − 10k21k2N4 − 3k1k22N4 + 24N5 − 15k21N5
− 13k1k2N5 + 2k22N5 − 10k1N6 + 2k2N6
]
c1,
43
c8 = − 4N(N
2 − 9)(N + k1)(2N + 3k1)(N2 − 3)
k2(N + 2k1)(N + 2k2)(N2 + 1)D(k1, k2, N)
[
−8k21k2 − 8k1k22 − 13k21N
− 26k1k2N − 13k22N − 23k1N2 − 23k2N2 + 4k21k2N2 + 4k1k22N2 − 10N3 + 9k21N3
+ 20k1k2N
3 + 9k22N
3 + 21k1N
4 + 21k2N
4 + 12N5
]
c1,
c9 = − 8N(N
2 − 9)(N + k1)(2N + 3k1)
k2(N + 2k2)(2N + 3k2)(N2 + 1)D(k1, k2, N)
[
−17k21k2 − 22k1k22 − 5k32 − 22k21N
− 59k1k2N − 37k22N − 42k1N2 − 52k2N2 + 10k21k2N2 + 12k1k22N2 − 20N3 + 20k21N3
+ 46k1k2N
3 + 22k22N
3 + 44k1N
4 + 46k2N
4 + 3k21k2N
4 + 10k1k
2
2N
4 + 5k32N
4
+ 24N5 − 2k21N5 + 13k1k2N5 + 15k22N5 − 2k1N6 + 10k2N6
]
c1,
c10 =
2k1(N
2 − 9)(N + k1)(2N + 3k1)
k2(N + k2)(N + 2k2)(2N + 3k2)(N2 + 1)D(k1, k2, N)
[
−6k21k22 − 12k1k32 − 6k42
− 24k21k2N − 48k1k22N − 24k32N − 24k21N2 − 77k1k2N2 − 53k22N2 − 46k1N3
− 56k2N3 + 10k21k2N3 + 12k1k22N3 − 20N4 + 20k21N4 + 46k1k2N4 + 22k22N4
+ 6k21k
2
2N
4 + 12k1k
3
2N
4 + 6k42N
4 + 44k1N
5 + 46k2N
5 + 10k21k2N
5 + 36k1k
2
2N
5
+ 24k32N
5 + 24N6 + 31k1k2N
6 + 31k22N
6 + 2k1N
7 + 14k2N
7
]
c1,
c11 = − 4(N
2 − 4)(N2 − 9)
N(N2 + 1)D(k1, k2, N)
[
−6k31 − 12k21k2 − 6k1k22 − 21k21N − 33k1k2N
+ 6k31N
2 − 26k2N2 + 12k21k2N2 + 6k1k22N2 − 10N3 + 21k21N3 + 33k1k2N3
+ 10k22N
3 + 26k1N
4 + 26k2N
4 + 12N5 − 12k22N − 26k1N2
]
c1,
c12 =
16(N2 − 4)(N2 − 9)(N + k1)
k2(N + 2k1)(N2 + 1)D(k1, k2, N)
[
10k31 + 14k
2
1k2 + 4k1k
2
2 + 19k
2
1N + 3k1k2N
− 6k1N2 − 10k31N2 − 26k2N2 − 14k21k2N2 − 10N3 − 19k21N3 − 3k1k2N3
+ 14k22N
3 + 2k1N
4 + 26k2N
4 + 12N5 − 16k22N
]
c1,
c13 = −8(k1 + k2)(N
2 − 4)(N2 − 9)(N + k1)(2N + 3k1)(N2 − 3)
k2(N2 + 1)D(k1, k2, N)
c1,
c14 =
16(N2 − 4)(N2 − 9)(N + k1)(2N + 3k1)
k2(2N + 3k2)(N2 + 1)D(k1, k2, N)
[
−8k21 − 13k1k2 − 5k22 − 18k1N − 18k2N
− 10N2 + 6k21N2 + 13k1k2N2 + 5k22N2 + 18k1N3 + 18k2N3 + 12N4
]
c1,
c15 = − 4k1(N
2 − 4)(N2 − 9)(N + k1)(2N + 3k1)
k2N(N + k2)(2N + 3k2)(N2 + 1)D(k1, k2, N)
[
−6k21k2 − 12k1k22 − 6k32 − 12k21N
− 33k1k2N − 21k22N − 26k1N2 − 26k2N2 + 6k21k2N2 + 12k1k22N2 + 6k32N2
− 10N3 + 10k21N3 + 33k1k2N3 + 21k22N3 + 26k1N4 + 26k2N4 + 12N5
]
c1,
c16 = 0,
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c17 = −4(N
2 − 4)(N2 − 9)(N + k1)(N2 − 3)
3k2(N + 2k1)(N2 + 1)D(k1, k2, N)
[
6k41 + 12k
3
1k2 + 6k
2
1k
2
2 + 29k
3
1N + 46k
2
1k2N
+ 17k1k
2
2N + 46k
2
1N
2 − 6k41N2 + 44k1k2N2 − 12k31k2N2 − 2k22N2 − 6k21k22N2
+ 20k1N
3 − 29k31N3 − 46k21k2N3 − 13k1k22N3 − 46k21N4 − 44k1k2N4 + 2k22N4
− 24k1N5
]
c1,
c18 = 0,
c19 = 0,
c20 = −4(k1 + k2)(N
2 − 1)(N2 − 4)(N2 − 9)(N + k1)(2N + 3k1)(2N + k1 + k2)(N2 − 3)
k2(N2 + 1)D(k1, k2, N)
c1,
c21 = 0, (F.8)
c22 =
4(k1 + k2)(N
2 − 1)(N2 − 4)(N2 − 9)(N + k1)(2N + 3k1)(2N + k1 + k2)(N2 − 3)
3k2(N2 + 1)D(k1, k2, N)
c1,
where we introduce the function D(k1, k2, N) which depends on the levels k1, k2 and N
15
D(k1, k2, N) ≡ −18k31 − 36k21k2 − 18k1k22 − 63k21N − 75k1k2N − 12k22N − 64k1N2
+ 20k31N
2 − 34k2N2 + 40k21k2N2 + 14k1k22N2 − 20N3 + 70k21N3
+ 78k1k2N
3 + 4k22N
3 + 74k1N
4 − 2k31N4 + 28k2N4 − 4k21k2N4 + 24N5
− 7k21N5 − 3k1k2N5 + 4k22N5 − 6k1N6 + 6k2N6. (F.9)
Note that for N = 3, the coefficients c6, · · · , c22, that have the factor (N2 − 9), vanish. Also
we present the large N limit (3.19) for these coefficients as follows:
c2 =
[
4λ(4 + 5λ)
3(−1 + λ)(2 + λ)
]
c1, c3 =
[
2λ2(7 + 5λ)
(−1 + λ)2(2 + λ)
]
c1,
c4 =
[
20λ2(1 + λ)
3(−3 + λ)(−1 + λ)(2 + λ)
]
c1, c5 = −
[
λ2(1 + λ)
N(−3 + λ)(−1 + λ)
]
c1,
c6 =
[
2λ
2 + λ
]
c1, c7 =
[
8λ
(−1 + λ)(2 + λ)
]
c1,
c8 =
[
12λ2(3 + λ)
(−2 + λ)(−1 + λ)2(2 + λ)
]
c1, c9 =
[
40λ2(1 + λ)
(−3 + λ)(−2 + λ)(−1 + λ)(2 + λ)
]
c1,
c10 = −
[
2λ2(1 + λ)(6 + λ2)
N(−3 + λ)(−2 + λ)(−1 + λ)(2 + λ)
]
c1, c11 = 0, c12 = 0,
c13 =
[
8λ2
N(−1 + λ)(2 + λ)
]
c1, c14 =
[
16λ2(−5− 8λ+ λ2)
N(−3 + λ)(−1 + λ)2(2 + λ)
]
c1,
15Since the ‘solve’ command with 28 equations simultaneously in the mathematica does not give us the final
answer, we consider several simple equations and find the coefficient functions in terms of c1 and then solve
the remaining linear equations completely.
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c15 =
[
4λ2(3 + λ2)
N2(−3 + λ)(−1 + λ)2
]
c1, c17 = −
[
4N2λ
3(2 + λ)
]
c1,
c20 =
[
4N2λ(1 + λ)
(−1 + λ)(2 + λ)
]
c1, c22 = −
[
4N2λ(1 + λ)
3(−1 + λ)(2 + λ)
]
c1. (F.10)
Note that there are the 1
N
dependence in c5, c10, c13, c14 and
1
N2
dependence in c15 and N
2
dependence in c17, c20, c22
16. Therefore, in the large N limit, the only 11 independent terms
in (3.20) survive.
Appendix G The independent terms of W˜ (z) in subsection
3.2
Let us check how many independent terms in the coset spin 4 current W˜ (z) in (3.16) occur.
It is convenient to write down the terms of c2, c3, c4 in the equation (3.16) explicitly from the
relation (2.12)
dabcdJaJ bJcKd(z) = 3dabcJaQbKc(z)− 12(N
2 − 4)
N(N2 + 1)
JaJ bJ bKa(z)
+
2(N2 − 4)(N2 − 3)
N(N2 + 1)
fabc∂JaJ bKc(z)− (N
2 − 4)(N2 − 3)
N(N2 + 1)
fabcJa∂J bKc(z),
dabcdJaJ bKcKd(z) = 2dacedbdeJaJ bKcKd(z) + dabcJaJ bRc(z)
−(N
2 − 4)(N2 − 3)
N(N2 + 1)
fabcJaJ b∂Kc(z)− 4(N
2 − 4)
N(N2 + 1)
[
2JaJ bKaKb(z) + JaJaKbKb(z)
]
,
dabcdJaKbKcKd(z) = 3dabcJaKbRc(z)− 12(N
2 − 4)
N(N2 + 1)
JaKaKbKb(z)
+
2(N2 − 4)(N2 − 3)
N(N2 + 1)
fabcJa∂KbKc(z)− (N
2 − 4)(N2 − 3)
N(N2 + 1)
fabcJaKb∂Kc(z). (G.1)
See also the relevant equations (B.11), (D.26), (D.23) and (D.28). The fabc∂JaJ bKc(z) can
be written as a linear combination of fabcJa∂J bKc(z) and ∂2JaKa(z). For given independent
terms c1-c22 in (3.16), one regards d
abcdJaJ bJcKd(z) as fabcJa∂J bKc(z) and other terms,
dabcdJaJ bKcKd(z) as both dacedbdeJaJ bKcKd(z) and JaJ bKaKb(z) (and other terms), and
dabcdJaKbKcKd(z) as fabcJaKb∂Kc(z) (and other terms). That is,
dabcdJaJ bJcKd(z) ∼ fabcJa∂J bKc(z) + · · · ,
dabcdJaJ bKcKd(z) ∼ dacedbdeJaJ bKcKd(z), JaJ bKaKb(z) + · · · ,
dabcdJaKbKcKd(z) ∼ fabcJaKb∂Kc(z) + · · · . (G.2)
16Here we substitute N = λ1−λk with k1 = 1, k2 = k into the relations (F.8), look at the power of k in the
numerator and denominator of the coefficient functions and take k →∞ limit. By reading off the power of k
and resubstituting k = 1−λ
λ
N into the leading term, one gets the final results (F.10).
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This implies that one may further generalize the c3 term by introducing two independent
terms with two arbitrary coefficients. The c1 term can be rewritten as the equation (3.17)
and c5 term can be expressed similarly by changing J
a(z) into Ka(z) from (3.17). We will use
the explicit relations (G.1) to find the exact relation between the spin-4 current (3.39) and the
one from [5] where we do not see any quartic Casimir operator because in this case, the spin-4
current is obtained from the operator product expansions of two Casimir operators of rank 3.
Therefore, the relations (G.1) are very important to identify these two spin-4 currents.
Moreover, the other contractions of d symbol (2.12) with various spin 4 fields lead to
dacedbdeJaJ bJcJd(z) = dabedcdeJaJ bJcJd(z)− (N2 − 4)
[
∂Ja∂Ja(z)− ∂2JaJa(z)
]
,
dadedbceJaJ bJcJd(z) = dabedcdeJaJ bJcJd(z)− 2(N2 − 4)∂Ja∂Ja(z) + (N2 − 4)∂2JaJa(z),
dacedbdeJaJ bJcKd(z) = dabedcdeJaJ bJcKd(z) +
N2 − 4
N
fabcJa∂J bKc(z),
dadedbceJaJ bJcKd(z) = dabedcdeJaJ bJcKd(z) +
N2 − 4
N
fabc
[
Ja∂J bKc(z)− ∂JaJ bKc(z)
]
,
dadedbceJaJ bKcKd(z) = dacedbdeJaJ bKcKd(z)− (N2 − 4)∂Ja∂Ka(z),
dacedbdeJaKbKcKd(z) = dabedcdeJaKbKcKd(z) +
N2 − 4
N
fabcJa∂KbKc(z),
dadedbceJaKbKcKd(z) = dabedcdeJaKbKcKd(z) +
N2 − 4
N
fabc[Ja∂KbKc(z)− JaKb∂Kc(z)],
dacedbdeKaKbKcKd(z) = dabedcdeKaKbKcKd(z)− (N2 − 4)
[
∂Ka∂Ka(z)− ∂2KaKa(z)
]
,
dadedbceKaKbKcKd(z) = dabedcdeKaKbKcKd(z)− 2(N2 − 4)∂Ka∂Ka(z)
+ (N2 − 4)∂2KaKa(z). (G.3)
From the relations (3.16), (G.1) and (G.2), there is no additional independent term. The
contractions with delta symbol in the relation (2.12) can be written as
JaJ bJaJ b(z) = JaJaJ bJ b(z) + fabcJa∂J bJc(z),
JaJ bJ bJa(z) = JaJaJ bJ b(z) + fabcJa∂J bJc(z)− fabcJaJ b∂Jc(z),
JaJ bJaKb(z) = JaJaJ bKb(z) + fabcJa∂J bKc(z),
JaJ bJ bKa(z) = JaJaJ bKb(z) + fabcJa∂J bKc(z)− fabc∂JaJ bKc(z),
JaJ bKbKa(z) = JaJ bKaKb(z)− fabcJaJ b∂Kc(z),
JaKbKaKb(z) = JaKaKbKb(z) + fabcJa∂KbKc(z),
JaKbKbKa(z) = JaKaKbKb(z) + fabcJa∂KbKc(z)− fabcJaKb∂Kc(z),
KaKbKaKb(z) = KaKaKbKb(z) + fabcKa∂KbKc(z),
KaKbKbKa(z) = KaKaKbKb(z) + fabcKa∂KbKc(z)− fabcKaKb∂Kc(z). (G.4)
47
Note that one sees that the field JaJ bKaKb(z) occurs in (G.4). We do not see any further
independent terms. Therefore, if we impose two independent terms in c3 term, then we should
include the field JaJ bKaKb(z) in the candidate for the spin 4 field (3.16). This can be also
seen from the normal ordered field product (T˜ T˜ )(z).
In order to check the independent fields in T˜ 2(z), one should write down the following
normal ordered products
(JaKa)(J bKb)(z) = JaKaJ bKb(z) +N∂2JaKa(z)− k1
2
∂2KaKa(z) + fabcJa∂KbKc(z)
− k2
2
Ja∂2Ja(z)− fabcJa∂J bKc(z),
(JaKa)(KbKb)(z) = JaKaKbKb(z)− (N + k2)∂2JaKa(z),
(JaJa)(J bKb)(z) = JaJaJ bKb(z)− (2N + k1)∂2JaKa(z) + 2fabcJa∂J bKc(z),
(KaKa)(J bKb)(z) = J bKaKaKb(z)− (2N + k2)Ja∂2Ka(z) + 2fabcJaKb∂Kc(z),
(JaKa)(J bJ b)(z) = JaKaJ bJ b(z)− (N + k1)Ja∂2Ka(z). (G.5)
The spin 4 current can be written, by using the above relations (G.5), as
T˜ 2(z) =
k22
4(N + k1)2(N + k1 + k2)2
[
−2(k1 +N)∂2JaJa(z) + JaJaJ bJ b(z)
]
+
k21
4(N + k2)2(N + k1 + k2)2
[
−2(k2 +N)∂2KaKa(z) +KaKaKbKb(z)
]
+
k1k2
2(N + k1)(N + k2)(N + k1 + k2)2
JaJaKbKb(z)
+
1
(N + k1 + k2)2
[
JaKaJ bKb(z) +N∂2JaKa − k1
2
∂2KaKa(z) + fabcJa∂KbKc(z)
− k2
2
Ja∂2Ja(z)− fabcJa∂J bKc(z)
]
− k1
2(N + k2)(N + k1 + k2)2
[
JaKaKbKb(z)− (N + k2)∂2JaKa(z)
+ J bKaKaKb(z)− (2N + k2)Ja∂2Ka(z) + 2fabcJaKb∂Kc(z)
]
− k2
2(N + k1)(N + k1 + k2)2
[
JaKaJ bJ b(z)− (N + k1)Ja∂2Ka(z)
+ JaJaJ bKb(z)− (2N + k1)∂2JaKa(z) + 2fabcJa∂J bKc(z)
]
. (G.6)
Therefore, one can think of T˜ 2(z) as an independent term JaJ bKaKb(z) plus others:
T˜ 2(z) ∼ JaJ bKaKb(z) + · · · . (G.7)
The terms fabcJa∂J bKc(z) and fabcJaKb∂Kc(z) can be understood as c2 term and c4 term re-
spectively from the relations (G.2). Although we introduce the extra terms dacedbde multiplied
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by the fields appearing in c6-c10, the extra terms d
adedbce multiplied by the fields appearing in
c6-c10, the extra terms δ
acδbd multiplied by the fields appearing in c11-c15, and the extra terms
δadδbc multiplied by the fields appearing in c11-c15, there exists only one further independent
term which is given by JaJ bKaKb(z). We will use the explicit form of (G.6) in order to extract
the spin-4 field next Appendix I later and the large N limit for (G.6) can be obtained.
Or one can add T˜ 2(z)(or Λ˜(z) ≡ T˜ 2(z)− 3
10
∂2T˜ (z)) to the W˜ (z) (3.16) in order to see any
further generalized spin 4 field. We can use the operator product expansion
T˜ (z)Λ˜(w) =
1
(z − w)4
[
22
5
+ c˜
]
T˜ (w) +
1
(z − w)24Λ˜(w) +
1
(z − w)∂Λ˜(w) + · · · (G.8)
and J ′a(z)Λ˜(w) = regular and the central charge c˜ is given by the equation (3.9). This
particular combination eliminates the singular terms with 1
(z−w)6
and 1
(z−w)3
that appear in
(C.8). The fields T˜ 2(z) and Λ˜(z) are quasiprimary [10] because there are higher order singular
terms (G.8) and (C.8) where T (z) and c are replaced with T˜ (z) and c˜ respectively. In the
subsection 3.4, we include the field JaJ bKaKb(z) rather than T˜ 2(z). Contrary to the spin-3
case, one should, in general, take into account of the normal ordered field product of stress
energy tensor for higher spin greater than 3.
Appendix H The coefficient functions in the subsection
3.4
The operator product expansion between the diagonal spin 1 current J ′a(z) (3.4) and the spin
4 field J bJcKbKc(w) is given by
J ′a(z)J bJcKbKc(w) =
1
(z − w)3 (−N) [k1∂K
a + k2∂J
a] +
1
(z − w)2
[
− 4
N
JaKbKb
+(
4
N
− 2k1)J bKaKb − dabcJ bRc − dabcQbKc + dacedbdeJ bKcKd + dacedbdeJcJdKb
−(N − k1)fabcJ b∂Kc + (N − k2)fabc∂J bKc − 4
N
J bJ bKa + (
4
N
− 2k2)JaJ bKb
]
+ · · · . (H.1)
By realizing the independent field contents described in (F.2), one can arrange each field
in the 1
(z−w)2
term in the relation (H.1) and combine them with the linear equations (F.1),
(F.3) and (F.5). The operator product expansion between the stress energy tensor (E.1) and
J bJcKbKc(z) is
Tˆ (z)J bJcKbKc(w) = − 1
(z − w)4 [k2J
aJa + k1K
aKa] +
1
(z − w)3N∂(J
aKa) + · · · , (H.2)
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where the 1
(z−w)2
term and 1
(z−w)
term are ignored. One should include this equation into
(F.5) and (F.6).
As in the subsection 3.4, let us introduce the coefficient c23 in front of the extra field
J bJcKbKc(z). Among 18 equations (F.1), the first four and the last four equations are
unchanged and the rest should be modified because of the extra terms in 1
(z−w)2
terms of the
operator product expansion (H.1). The first two equations of (F.3) have to be modified due
to the 1
(z−w)3
term in the operator product expansion (H.1). The first and fourth equations in
(F.5) should be changed due to the 1
(z−w)3
in the operator product expansion (H.2). Finally,
the first and third equations in (F.6) have to be changed from the 1
(z−w)4
terms in the operator
product expansion (H.2). Then the coefficients ci should be modified as (ci+bi), when we add
the extra field JaJ bKaKb(z), where the coefficients bi depend on c23 (there is no constraint
on c23) and they are given by
b2 =
(k22 − 1)N2(N2 + 1)2
3(N2 − 4)(N + 2k1)(N2 − 3)D(k1, k2, N)
[
−6k31 − 6k21k2 − 17k21N − 5k1k2N
− 12k1N2 + 2k31N2 + 2k2N2 + 2k21k2N2 + 7k21N3 + 3k1k2N3 + 6k1N4
]
c23,
b3 = − N(N
2 + 1)
4(N2 − 4)D(k1, k2, N)
[
12k31 + 24k
2
1k2 + 12k1k
2
2 + 44k
2
1N + 52k1k2N + 2k
3
1k2N
+ 8k22N + 2k
2
1k
2
2N + 48k1N
2 − 8k31N2 + 24k2N2 − 9k21k2N2 − k1k22N2 + 16N3
− 26k21N3 − 20k1k2N3 + 2k31k2N3 + 2k22N3 + 2k21k22N3 − 24k1N4 − 4k2N4 + 7k21k2N4
+ 3k1k
2
2N
4 − 6N5 + 6k1k2N5
]
c23,
b4 = − N
2(N2 + 1)2
6(N2 − 4)(2N + 3k2)(N2 − 3)D(k1, k2, N)
[
−18k21k2 + 18k41k2 − 18k1k22 + 18k31k22
+ 12k41N − 60k1k2N + 75k31k2N − 12k22N + 12k21k22N − 15k1k32N − 32k1N2 + 42k31N2
− 32k2N2 + 84k21k2N2 − 6k41k2N2 − 40k1k22N2 − 6k31k22N2 − 10k32N2 − 16N3 + 52k21N3
+ 16k1k2N
3 − 21k31k2N3 − 32k22N3 − 4k21k22N3 + 5k1k32N3 + 26k1N4 − 18k2N4
− 18k21k2N4 + 10k1k22N4 − 12k21N
]
c23,
b5 = − k1(k1 − k2)N
2(3N + 2k1 + 2k2)(N
2 + 1)2
8(N2 − 4)(2N + 3k2)(N + k2)(N2 − 3)D(k1, k2, N)
[
−3k21k2 − 3k1k22
− 2k21N − 8k1k2N − 2k22N − 4k1N2 − 4k2N2 + k21k2N2 + k1k22N2 − 2N3 + 2k1k2N3
]
c23,
b6 = − (k
2
2 − 1)k2N2(N2 + 1)
2(N2 − 4)(N + 2k1)D(k1, k2, N)
[
k21 + k1k2 + 2k1N + 2k2N + 2N
2 + k21N
2
+ k1k2N
2 + 2k1N
3
]
c23,
b7 = − (k
2
2 − 1)N3(N2 + 1)
(N2 − 4)(N + 2k1)(N2 − 3)
[
k21 + 13k1k2 + 12k1N + 14k2N + 12N
2 + 2k21N
2
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− 2k1k2N2 − 2k1N3 − 2k2N3 − 4N4 + k21N4 + k1k2N4 + 2k1N5
]
c23,
b8 =
N(N2 + 1)
2(N2 − 4)(N + 2k1)(N + 2k2)D(k1, k2, N)
[
72k41k2 + 144k
3
1k
2
2 + 72k
2
1k
3
2 + 36k
4
1N
+ 360k31k2N + 408k
2
1k
2
2N + 84k1k
3
2N + 144k
3
1N
2 + 592k21k2N
2 − 44k41k2N2 + 80k22N3
+ 328k1k
2
2N
2 − 88k31k22N2 + 24k32N2 − 44k21k32N2 + 212k21N3 − 4k41N3 + 388k1k2N3
− 184k31k2N3 − 219k21k22N3 − 39k1k32N3 + 136k1N4 − 16k31N4 + 88k2N4 − 251k21k2N4
+ 4k41k2N
4 − 137k1k22N4 + 8k31k22N4 − 10k32N4 + 4k21k32N4 + 32N5 − 26k21N5
− 128k1k2N5 + 16k31k2N5 − 26k22N5 + 17k21k22N5 + k1k32N5 − 20k1N6 − 22k2N6
+ 19k21k2N
6 + 5k1k
2
2N
6 − 6N7 + 6k1k2N7
]
c23,
b9 =
N3(N2 + 1)
(N2 − 4)(N + 2k2)(2N + 3k2)(N2 − 3)D(k1, k2, N)
[
33k21k2 + 18k
4
1k2 − 3k1k22 + 18k31k22
− 51k21k32 − 15k1k42 + 30k21N + 36k41N + 46k1k2N + 99k31k2N − 2k22N − 54k21k22N
− 10k42N + 44k1N2 + 126k31N2 + 16k2N2 + 76k21k2N2 + 16k41k2N2 − 212k1k22N2
+ 16k31k
2
2N
2 − 74k32N2 + 2k21k32N2 − 10k1k42N2 + 16N3 + 116k21N3 − 4k41N3 − 82k1k2N3
+ 52k31k2N
3 − 114k22N3 + 44k21k22N3 − 18k1k32N3 − 10k42N3 + 10k1N4 − 14k31N4 − 66k2N4
+ 69k21k2N
4 − 2k41k2N4 + 25k1k22N4 − 2k31k22N4 − 30k32N4 + 5k21k32N4 + 5k1k42N4
− 16N5 − 10k21N5 + 40k1k2N5 − 7k31k2N5 − 24k22N5 + 2k21k22N5 + 15k1k32N5
+ 2k1N
6 − 6k2N6 − 6k21k2N6 + 10k1k22N6 − 145k1k32N
]
c23,
b10 =
k1N
2(N2 + 1)
4(N2 − 4)(N + 2k2)(N + k2)(2N + 3k2)(N2 − 3)D(k1, k2, N)
[
−18k21k22 − 18k1k32
+ 18k1k
5
2 − 54k21k2N − 18k41k2N − 66k1k22N − 18k31k22N − 12k32N + 72k21k32N
+ 84k1k
4
2N + 12k
5
2N − 36k21N2 − 36k41N2 − 108k1k2N2 − 99k31k2N2 − 36k22N2 + 48k21k22N2
+ 195k1k
3
2N
2 + 48k42N
2 + 12k21k
4
2N
2 + 12k1k
5
2N
2 − 60k1N3 − 126k31N2 − 48k2N3
− 90k21k2N3 − 16k41k2N3 + 178k1k22N3 − 16k31k22N3 + 94k32N3 + 12k21k32N3 + 60k1k42N3
+ 12k52N
3 − 24N4 − 120k21N4 + 4k41N4 + 36k1k2N4 − 52k31k2N4 + 84k22N4 − 34k21k22N4
+ 70k1k
3
2N
4 + 48k42N
4 − 6k21k42N4 − 6k1k52N4 − 22k1N5 + 14k31N5 + 34k2N5
− 62k21k2N5 + 2k41k2N5 + 6k1k22N5 + 2k31k22N5 + 62k32N5 − 12k21k32N5 − 24k1k42N5
+ 8N6 + 12k21N
6 − 24k1k2N6 + 7k31k2N6 + 32k22N6 − 4k21k22N6 − 31k1k32N6 + 2k1N7
+ 6k2N
7 + 6k21k2N
7 − 14k1k22N7 + 18k21k42
]
c23,
b11 =
(k22 − 1)k2N(N2 + 1)(3N + 2k1 + 2k2)
2D(k1, k2, N)
c23,
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b12 =
2(k22 − 1)N2(N2 + 1)
(N + 2k1)(N2 − 3)D(k1, k2, N)
[
2k21 + 8k1k2 + 9k1N + 10k2N
+ 9N2 + 2k21N
2 + k1N
3 − 2k2N3 − 3N4
]
c23,
b13 =
1
D(k1, k2, N)
[
−18k31 − 36k21k2 − 18k1k22 − 63k21N − 75k1k2N − 12k22N − 67k1N2
+ 2k31N
2 − 34k2N2 + 4k21k2N2 − k1k22N2 − 22N3 + 7k21N3
+ 3k1k2N
3 − 6k22N3 + 5k1N4 − 6k2N4 + k1k22N4
]
c23,
b14 = − 2N
2(N2 + 1)
(2N + 3k2)(N2 − 3)D(k1, k2, N)
[
6k21 + 18k
4
1 − 3k1k2 + 18k31k2 − 24k21k22 − 15k1k32
+ 7k1N + 63k
3
1N − 2k2N + 12k21k2N − 70k1k22N − 10k32N + 2N2 + 64k21N2
− 2k41N2 − 39k1k2N2 − 2k31k2N2 − 36k22N2 + 8k21k22N2 + 5k1k32N2 + 13k1N3
− 7k31N3 − 28k2N3 + 4k21k2N3 + 18k1k22N3 − 6N4 − 6k21N4 + 12k1k2N4
]
c23,
b15 = − Nk1(3N + 2k1 + 2k2)(N
2 + 1)
2(N + k2)(2N + 3k2)(N2 − 3)D(k1, k2, N)
[
−9k1k2 + 9k1k32 − 9k1N − 9k31N
− 6k2N + 18k1k22N + 6k32N − 6N2 − 18k21N2 + 15k1k2N2 + 12k22N2 − 3k1k32N2
− 3k1N3 + k31N3 + 8k2N3 − 6k1k22N3 + 2N4 + 2k21N4 − 4k1k2N4
]
c23,
b16 = 0,
b17 = − (k
2
2 − 1)N2(N2 + 1)
6(N + 2k1)D(k1, k2, N)
[
−6k31 − 6k21k2 − 17k21N − 5k1k2N
− 12k1N2 + 2k31N2 + 2k2N2 + 2k21k2N2 + 7k21N3 + 3k1k2N3 + 6k1N4
]
c23,
b18 = 0,
b19 = 0,
b20 =
N
2D(k1, k2, N)
[
18k31 + 36k
2
1k2 + 18k1k
2
2 + 66k
2
1N + 78k1k2N + 12k
2
2N − 3k21k22N
− 3k1k32N + 72k1N2 − 20k31N2 + 36k2N2 − 40k21k2N2 − 22k1k22N2 − 2k32N2
+ 24N3 − 68k21N3 − 76k1k2N3 − 8k22N3 − 2k21k22N3 − 2k1k32N3 − 68k1N4
+ 2k31N
4 − 26k2N4 + 4k21k2N4 − 6k1k22N4 − 2k32N4 − 20N5 + 6k21N5 + 2k1k2N5
− 8k22N5 + k21k22N5 + k1k32N5 + 4k1N6 − 6k2N6 + 2k1k22N6
]
c23,
b21 = 0,
b22 = −(k
2
2 − 1)N2(2N + k1 + k2)(N2 + 1)(−3k1 − 2N + k1N2)
6D(k1, k2, N)
c23. (H.3)
Since the second and third equations in (F.5) and the equation (F.7) remain unchanged, one
sees that the coefficients b16, b18, b19 and b21 should vanish. The D(k1, k2, N) is defined as
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(F.9). Furthermore, the large N limit (3.19) on these coefficients leads to
b2 = −
[
(−1 + λ)(1 + λ)
2λ(2 + λ)
]
c23, b3 = −
[
3(1 + λ)
8(2 + λ)
]
c23,
b4 = −
[
5(−1 + λ)(1 + λ)
12(−3 + λ)(2 + λ)
]
c23, b5 =
[
(−1 + λ)(1 + λ)
16N(−3 + λ)
]
c23,
b6 = −
[
(−1 + λ)2(1 + λ)
4λ2(2 + λ)
]
c23, b7 =
[
(−1 + λ)(1 + λ)
2λ(2 + λ)
]
c23,
b8 = −
[
(1 + λ)(1 + 2λ)
4(−2 + λ)(2 + λ)
]
c23, b9 = −
[
5(−1 + λ)(1 + λ)
2(−3 + λ)(−2 + λ)(2 + λ)
]
c23,
b10 =
[
(−1 + λ)(1 + λ)(6 + λ2)
8N(−3 + λ)(−2 + λ)(2 + λ)
]
c23, b11 =
[
(−1 + λ)2
4λ2
]
c23,
b12 =
[
(−1 + λ)
λ
]
c23, b13 = −
[
(−1 + λ)
2N(2 + λ)
]
c23,
b14 = −
[
(−5 − 8λ+ λ2)
N(−3 + λ)(2 + λ)
]
c23, b15 = −
[
(3 + λ2)
4N2(−3 + λ)
]
c23,
b17 =
[
N2(−1 + λ)(1 + λ)
4λ(2 + λ)
]
c23, b20 = −
[
N2(−1 + λ)(1 + λ)
4λ(2 + λ)
]
c23,
b22 =
[
N2(−1 + λ)(1 + λ)
12λ(2 + λ)
]
c23. (H.4)
There are the 1
N
dependence in b5, b10, b13, b14 and
1
N2
dependence in b15 and N
2 dependence
in b17, b20, b22. Then, the more general spin 4 field, in the large N limit, can be written as
(3.40). The extra terms proportional to c23 in (3.40) appear also in (3.20). The contributions
from JaJaJ bJ b(z), JaJaJ bKb(z) and JaJ bKaKb(z) in the large N limit become zero.
Appendix I The coset spin 4 primary field from the op-
erator product expansion between the third-
order Casimirs
The primary field of dimension 4 under the stress energy tensor (3.6) and (3.7) has been con-
structed in [5] from the operator product expansion between the primary fields of dimension
3. That is, the coset spin 3 primary field is given by
T˜ (3)(z) = Bdabc
[
A1J
aJ bJc(z) + A2J
aJ bKc(z) + A3J
aKbKc(z) + A4K
aKbKc(z)
]
, (I.1)
where the coefficient functions that depend on k1, k2 or N are determined by [5]
B2 = − N
18(N + k1)2(N + k2)2(N + k1 + k2)2(N + 2k1)(N + 2k2)(3N + 2k1 + 2k2)(N2 − 4) ,
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A1 = k2(N + k2)(N + 2k2),
A2 = −3(N + k1)(N + k2)(N + 2k2),
A3 = 3(N + k1)(N + k2)(N + 2k1),
A4 = −k1(N + k1)(N + 2k1). (I.2)
By focusing on the 1
(z−w)2
term in the operator product expansion between T˜ (3)(z) and
T˜ (3)(w) which can be constructed from the relation (I.1), one obtains
R˜(4)(w) +
32
22 + 5c˜
Λ˜(w) +
3
10
∂2T˜ (w) =
dabcd
(
d2J
aJ bJcKd(w) + d3J
aJ bKcKd(w) + d4J
aKbKcKd(w)
)
+dabedcde
(
d6J
aJ bJcJd(w) + d8J
aJ bKcKd(w) + d10K
aKbKcKd(w)
)
+d12J
aJaJ bKb(w) + d13J
aJaKbKb(w) + d14J
aKaKbKb(w) + d16∂
2JaJa(w)
+d17∂
2JaKa(w) + d18∂
2KaKa(w) + d20∂J
a∂Ka(w) + d22J
a∂2Ka(w)
+d23J
aJ bKaKb(w) + d24f
abcJa∂J bKc(w) + d25f
abcJaKb∂Kc(w). (I.3)
Then a new spin-4 field R˜(4)(w) can be read off from (I.3). While there are new terms
characterized by d23, d24 and d25, but there are missing terms corresponding to c1, c5, c7, c9, c11,
and c15. Of course, it is not so simple to see the first three terms on the right hand side of
(I.3). Here the coefficient functions on the right hand side of (I.3) depend on k1, k2 or N and
they are determined by, together with the relation (I.2),
d2 =
[
−4A1A2(N + k1)− 2
3
A2A3(N + 2k2) +
2
3
A22N
]
B2
= 12(N + k1)
2(N + k2)
2(N + k1 + k2)(N + 2k2)
2B2,
d3 =
[
−A22(N + 2k1)− A23(N + 2k2)
]
B2
= −18(N + k1)2(N + 2k1)(N + k2)2(N + k1 + k2)(N + 2k2)B2,
d4 =
[
−2
3
A2A3(N + 2k1)− 4A3A4(N + k2) + 2
3
A23N
]
B2
= 12(N + k1)
2(N + 2k1)
2(N + k2)
2(N + k1 + k2)B
2,
d6 =
[
−9A21(N + k1)− A22k2
]
B2 = −9k2(N + k1)(N + k2)2(N + k1 + k2)(N + 2k2)2B2,
d8 =
[
−6A1A3(N + k1) + 4A2A3N − 6A2A4(N + k2) + 2A22k1 + 2A23k2
]
B2
= −36N(N + k1)2(N + k2)2(N + k1 + k2)2B2,
d10 =
[
−9A24(N + k2)− A23k1
]
B2 = −9k1(N + k1)2(N + 2k1)2(N + k2)(N + k1 + k2)B2,
d12 =
[
−48(N
2 − 4)(N + k1)
N(N2 + 1)
A1A2 − 8(N
2 − 4)(N + 2k2)
N(N2 + 1)
A2A3 +
8(N2 − 4)
N2 + 1
A22
]
B2
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=
144
N(N2 + 1)
(N2 − 4)(N + k1)2(N + k2)2(N + k1 + k2)(N + 2k2)2B2,
d13 =
[
−4(N
2 − 4)(N + 2k1)
N(N2 + 1)
A22 −
4(N2 − 4)(N + 2k2)
N(N2 + 1)
A23
]
B2
= − 72
N(N2 + 1)
(N2 − 4)(N + k1)2(N + 2k1)(N + k2)2(N + k1 + k2)(N + 2k2)B2,
d14 =
[
−8(N + 2k1)(N
2 − 4)
N(N2 + 1)
A2A3 − 48(N + k2)(N
2 − 4)
N(N2 + 1)
A3A4 +
8(N2 − 4)
N2 + 1
A23
]
B2
=
144
N(N2 + 1)
(N2 − 4)(N + k1)2(N + 2k1)2(N + k2)2(N + k1 + k2)B2,
d16 =
[
9
N
A21(N + k1)(N + 2k1)(N
2 − 4) + 2k2
N
(N2 − 4)(N + 2k1)A22
+
1
N
(N2 − 4)k2(N + 2k2)A23
]
B2
=
1
N
9k2(N
2 − 4)(N + k1)(N + 2k1)(N + k2)2(N + k1 + k2)(N + 2k2)(3N + 2k1 + 2k2)B2,
d17 =
[
8(N + k1)(N
2 − 4)(N2 + 3)
N2 + 1
A1A2 +
3
N
A1A2(N + k1)(N + 2k1)(N
2 − 4)
+
4(N + 2k2)(N
2 − 4)(N2 + 3)
3(N2 + 1)
A2A3 +
1
N
(N + 2k1)(N + 2k2)(N
2 − 4)A2A3
+
3
N
(N + k2)(N + 2k2)(N
2 − 4)A3A4 + (−2(N + 2k1)(N2 − 4)
− 4N(N
2 − 4)(N2 + 3)
3(N2 + 1)
)A22 − 2A23(N + 2k2)(N2 − 4)
]
B2
=
1
N(N2 + 1)
3(N2 − 4)(N + k1)2(N + k2)2(N + k1 + k2)(N + 2k2)
[
12k21 + 12k1k2 + 36k1N
+ 54k2N + 39N
2 + 12k1k2N
2 + 36k1N
3 + 22k2N
3 + 23N4
]
B2,
d18 =
[
9
N
(N + k2)(N + 2k2)(N
2 − 4)A24 +
1
N
(N2 − 4)k1(N + 2k1)A22
+
2k1
N
(N2 − 4)(N + 2k2)A23
]
B2
=
9
N
k1(N
2 − 4)(N + k1)2(N + 2k1)(N + k2)(N + k1 + k2)(N + 2k2)(3N + 2k1 + 2k2)B2,
d20 =
[
−(N + 2k1)(N
2 − 4)(N2 − 3)
N2 + 1
A22 −
(N + 2k2)(N
2 − 4)(N2 − 3)
N2 + 1
A23
]
B2
= − 18
(N2 + 1)
(N2 − 4)(N + k1)2(N + 2k1)(N + k22)(N + k1 + k2)(N + 2k2)(N2 − 3)B2,
d22 =
[
3
N
(N + k1)(N + 2k1)(N
2 − 4)A1A2 + 4(N + 2k1)(N
2 − 4)(N2 − 3)
3(N2 + 1)
A2A3
55
+
1
N
(N + 2k1)(N + 2k2)(N
2 − 4)A2A3 + 8(N
2 − 4)(N2 − 3)(N + k2)
N2 + 1
A3A4
+
3
N
(N + 2k2)(N
2 − 4)(N + k2)A3A4 − 2(N + 2k1)(N2 − 4)A22 +
8N(N2 − 4)
N2 + 1
A23
+ (−2(N + 2k2)(N2 − 4)− 4N(N
2 − 4)(N2 + 3)
3(N2 + 1)
)A23
]
B2
= − 1
N(N2 + 1)
3(N2 − 4)(N + k1)2(N + 2k1)(N + k2)2(N + k1 + k2)
[
12k1k2 + 12k
2
2
− 42k1N + 36k2N − 9N2 + 12k1k2N2 + 12k22N2 + 22k1N3 + 36k2N3 + 23N4
]
B2,
d23 =
[
−8(N
2 − 4)(N + 2k1)
N(N2 + 1)
A22 −
8(N2 − 4)(N + 2k2)
N(N2 + 1)
A23
]
B2
= − 144
N(N2 + 1)
(N2 − 4)(N + k1)2(N + 2k1)(N + k2)2(N + k1 + k2)(N + 2k2)B2,
d24 =
[
−12(N + k1)(N
2 − 4)(N2 + 5)
N(N2 + 1)
A1A2 − 2(N + 2k2)(N
2 − 4)(N2 + 5)
N(N2 + 1)
A2A3
+ (
2
N
(N + 2k1)(N
2 − 4) + 2(N
2 − 4)(N2 + 5)
N2 + 1
)A22 +
2
N
(N2 − 4)(N + 2k2)A23
]
B2
=
1
N(N2 + 1)
72(N2 − 4)(N + k1)2(N + k2)2B2,
d25 =
[
−2(N + 2k1)(N
2 − 4)(N2 − 3)
N(N2 + 1)
A2A3 +
12(N + k2)(N
2 − 4)(N2 + 5)
N(N2 + 1)
A3A4
+ (
2
N
(N + 2k2)(N
2 − 4) + 2(N
2 − 4)(N2 − 3)
N2 + 1
)A23 +
2(N2 − 4)(N + 2k1)
N
A22
− 16(N
2 − 4)
N2 + 1
A23
]
B2
=
72
N(N2 + 1)
(N2 − 4)(N + k1)2(N + 2k1)(N + k2)2(N + k1 + k2) [−3k1 + k2 −N
+ k1N
2 + k2N
2 +N3
]
B2, (I.4)
where B(k1, k2, N) is given by (I.2). The large N limit (3.19) can be obtained as before
d2 =
2(−2 + λ)λ
3N3(2 + λ)
, d3 =
λ2
N3(2 + λ)
, d4 =
2λ2
3N3(−2 + λ)(2 + λ) ,
d6 =
(−2 + λ)(−1 + λ)
2N3(2 + λ)
, d8 = − 2λ
2
N3(−2 + λ)(2 + λ) , d10 = −
λ4
2N4(−2 + λ)(2 + λ) ,
d12 =
8(−2 + λ)λ
N4(2 + λ)
, d13 =
4λ2
N4(2 + λ)
, d14 =
8λ3
N4(−2 + λ)(2 + λ) ,
d16 =
−1 + λ
2N
, d17 =
λ(22 + λ)
6N(2 + λ)
, d18 = − λ
2
2N2
,
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d20 =
λ2
N(2 + λ)
, d22 =
λ(−12− 12λ+ λ2)
6N(−2 + λ)(2 + λ) , d23 =
8λ2
N4(2 + λ)
,
d24 = − 4λ
N2(2 + λ)
, d25 =
4λ2
N2(−2 + λ)(2 + λ) . (I.5)
Note that there are the 1
N4
dependence in d10, d12, d13, d14, d23 and
1
N
dependence in d16, d17, d20, d22
and 1
N2
dependence in d18, d24, d25. The Λ˜(w) is defined in previous Appendix G when we
discuss the operator product expansion (G.8). The field JaJ bKaKb(w) appears on the right
hand side of (I.3) and also on the left side of (I.3) through Λ˜ together with the relation (G.7).
We would like to see the explicit form for the R˜(4)(z). Let us present the relevant 1
(z−w)2
terms in the operator product expansions in details and explain how we get (I.3):
Q(z)Q(w)| 1
(z−w)2
= −9(N + k1)QaQa − 9
N
(N + k1)(N + 2k1)(N
2 − 4)Ja∂2Ja,
Q(z)QaKa(w)| 1
(z−w)2
= −3(N + k1)(2dabcJaQbKc − 1
N
(N + 2k1)(N
2 − 4)∂2JaKa),
Q(z)JaRa(w)| 1
(z−w)2
= −3(N + k1)QaRa,
QaKa(z)Q(w)| 1
(z−w)2
= −3(N + k1)(2dabcJaQbKc − 1
N
(N + 2k1)(N
2 − 4)Ja∂2Ka),
QaKa(z)QbKb(w)| 1
(z−w)2
= dabcd
[
2
3
NJaJ bJcKd − (N + 2k1)JaJ bKcKd
]
+ dabedcde
[
−k2JaJ bJcJd + 2k1JaJ bKcKd
]
+
8(N2 − 4)
N2 + 1
JaJaJ bKb − 4(N
2 − 4)(N + 2k1)
N(N2 + 1)
JaJaKbKb
+
2k2
N
(N2 − 4)(N + 2k1)∂2JaJa
+
[
−2(N + 2k1)(N2 − 4)− 4N(N
2 − 4)(N2 + 3)
3(N2 + 1)
]
∂2JaKa
+
1
N
(N2 − 4)k1(N + 2k1)∂2KaKa
− (N + 2k1)(N
2 − 4)(N2 − 3)
N2 + 1
∂Ja∂Ka
− 2(N + 2k1)(N2 − 4)Ja∂2Ka
− 8(N
2 − 4)(N + 2k1)
N(N2 + 1)
JaJ bKaKb
+
2(N2 − 4)(N + 2k1)
N
fabcJaKb∂Kc
+
[
2
N
(N + 2k1)(N
2 − 4) + 2(N
2 − 4)(N2 + 5)
N2 + 1
]
fabcJa∂J bKc,
QaKa(z)J bRb(w)| 1
(z−w)2
= −(N + 2k2)dabcJaQbKc + 2NQaRa
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− (N + 2k1)dabcJaKbRc
+
1
N
(N + 2k1)(N + 2k2)(N
2 − 4)∂2JaKa,
QaKa(z)R(w)| 1
(z−w)2
= −3(N + k2)QaRa,
JaRa(z)Q(w)| 1
(z−w)2
=
[
QaKa(z)R(w)| 1
(z−w)2
]
Jc↔Kc,k1↔k2
,
JaRa(z)QbKb(w)| 1
(z−w)2
=
[
QaKa(z)J bRb(w)| 1
(z−w)2
]
Jc↔Kc,k1↔k2
,
JaRa(z)JaRa(w)| 1
(z−w)2
=
[
QaKa(z)QbKb(w)| 1
(z−w)2
]
Jc↔Kc,k1↔k2
,
JaRa(z)R(w)| 1
(z−w)2
=
[
QaKa(z)Q(w)| 1
(z−w)2
]
Jc↔Kc,k1↔k2
,
R(z)QaKa(w)| 1
(z−w)2
=
[
Q(z)JaRa(w)| 1
(z−w)2
]
Jc↔Kc,k1↔k2
,
R(z)JaRa(w)| 1
(z−w)2
=
[
Q(z)QaKa(w)| 1
(z−w)2
]
Jc↔Kc,k1↔k2
,
R(z)R(w)| 1
(z−w)2
=
[
Q(z)Q(w)| 1
(z−w)2
]
Jc↔Kc,k1↔k2
, (I.6)
where R(w) ≡ dabcKaKbKc(w) corresponding to (2.6). The right hand side of the first
equation of (I.6) corresponds to the spin 4 field R4(w) in (3.2) of [4] up to an overall constant.
Here the last seven operator product expansions (I.6) can be obtained from the first seven
operator product expansions using the properties Ja ↔ Ka and k1 ↔ k2.
At first sight, the spin 4 field (I.3) looks different from (3.16), but the independent field
contents are the same except the one field JaJ bKaKb(z). Let us look at the structures in
details. First of all, one has the following identities
fabcJa∂J bKc(w) =
N(N2 + 1)
(N2 − 4)(N2 − 3)
[
−dabedcdeJaJ bJcKd(w) + 1
3
dabcdJaJ bJcKd(w)
+
4(N2 − 4)
N(N2 + 1)
JaJaJ bKb(w) +
(N2 − 4)(N2 − 3)
3(N2 + 1)
∂2JaKa(w)
]
,
fabcJaKb∂Kc(w) =
N(N2 + 1)
(N2 − 4)(N2 − 3)
[
dabedcdeJaKbKcKd(w)− 1
3
dabcdJaKbKcKd(w)
− 4(N
2 − 4)
N(N2 + 1)
JaKaKbKb(w) +
2(N2 − 4)(N2 − 3)
3(N2 + 1)
Ja∂2Ka(w)
]
,
∂Ja∂Ja(w) =
(N2 + 1)
3(N2 − 4)(N2 − 3)
[
−dabcdJaJ bJcJd(w) + 3dabedcdeJaJ bJcJd(w)
− 12(N
2 − 4)
N(N2 + 1)
JaJaJ bJ b(w) +
2(N2 − 4)(N2 − 3)
(N2 + 1)
∂2JaJa(w)
]
,
∂Ka∂Ka(w) =
(N2 + 1)
3(N2 − 4)(N2 − 3)
[
−dabcdKaKbKcKd(w) + 3dabedcdeKaKbKcKd(w)
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− 12(N
2 − 4)
N(N2 + 1)
KaKaKbKb(w) +
2(N2 − 4)(N2 − 3)
(N2 + 1)
∂2KaKa(w)
]
. (I.7)
The first and second relations of (I.7) can be obtained from the first and third relations of
(G.1), respectively. These two fields appear in (I.6). We want to reexpress (I.3) in terms
of the fields in (3.16). Then, the d24 term in (I.3) can be absorbed into d2, d12, d17 and a
new term dabedcdeJaJ bJcKd(w) corresponding to c7 term in (3.16). Similarly, the d25 term in
(I.3) can be absorbed into d4, d14, d22 and a new term d
abedcdeJaKbKcKd(w) corresponding
to c9 term in (3.16). The third and fourth relations of (I.7) can be obtained from the relation
(3.17). The reason why we use these equations comes from the discussion in the subsection
3.2 where we keep c19 = 0 = c21. Since the left hand side of (I.3) contains Λ˜(w) and ∂
2T˜ (w),
one sees ∂Ja∂Ja(w) term and ∂Ka∂Ka(w) term in the field R˜(4)(w). So we have to use the
third and fourth equations of (I.7) and reexpress them in terms of other independent fields.
Moreover, note that there are the following identities
dabcJaQbKc(w) =
1
3
dabcdJaJ bJcKd(w) +
4(N2 − 4)
N(N2 + 1)
JaJaJ bKb(w)
+
(N2 − 4)(N2 + 5)
N(N2 + 1)
fabcJa∂J bKc(w)− 2(N
2 − 4)(N2 + 3)
3(N2 + 1)
∂2JaKa(w),
dabcJaKbRc(w) =
1
3
dabcdJaKbKcKd(w) +
4(N2 − 4)
N(N2 + 1)
JaKbKbKa(w) (I.8)
+
(N2 − 4)(N2 + 5)
N(N2 + 1)
fabcJaKb∂Kc(w)− 2(N
2 − 4)(N2 + 3)
3(N2 + 1)
Ja∂2Ka(w).
Using the first equation of (I.8), for example, one simplifies the 1
(z−w)2
term in the operator
product expansion Q(z)QaKa(w) in (I.6). See also the relation (E.24). Similarly, by the
second equation of (I.8), one can simplify the 1
(z−w)2
term in the operator product expansion
QaKa(z)J bKb(w) in (I.6). Of course, the above relations (I.8) can be further simplified
using the equations (I.7). By plugging the expressions (I.7) and (I.8) into (I.6), one has the
independent terms as in the relation (3.16) as well as the term JaJ bKaKb(z).
All the coefficients turn out to be (I.4). It turns out that the coset spin 4 field R˜(4)(w) is
given by the previous one W˜ (4)(w) (3.39) by realizing that the undetermined two coefficients
c1 and c23 become
c1 = − k2(N
2 + 1)
2(N2 − 4)(N2 − 3)(N + k1)(N + k1 + k2)d(k1, k2, N)
[
−3k21k2 − 2k21N − 8k1k2N
− 2k22N − 4k1N2 − 4k2N2 + k21k2N2 + k1k22N2 − 2N3 + 2k1k2N3 − 3k1k22
]
,
c23 =
−8
(N + k1 + k2)(3N + 2k1 + 2k2)(N2 + 1)d(k1, k2, N)
[
−9k21k2 − 9k1k22 − 14k21N
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− 28k1k2N − 14k22N − 24k1N2 − 24k2N2 + 3k21k2N2 + 3k1k22N2 − 10N3 + 8k21N3
+ 18k1k2N
3 + 8k22N
3 + 20k1N
4 + 20k2N
4 + 12N5
]
, (I.9)
where the function d(k1, k2, N) is introduced as follows:
d(k1, k2, N) ≡ 17k21k2 + 17k1k22 + 22k21N + 56k1k2N + 22k22N + 44k1N2 + 44k2N2
+ 5k21k2N
2 + 5k1k
2
2N
2 + 22N3 + 10k1k2N
3. (I.10)
That is, the spin 4 field R˜(4)(w) is nothing but the field W˜ (4)(w),
R˜(4)(w) = W˜ (4)(w), with (I.9) and (I.10). (I.11)
The c1 term comes from the ∂
2T˜ (w) in (I.3) together with (I.7). The c23 term comes from
T˜ 2(w) term and JaJ bKaKb(w) term characterized by d23 in (I.3). One can easily obtain the
large N ’t Hooft limit (3.19) for these coefficients and they are given by
c1(N, λ) =
−1 + λ
10N3
, c23(N, λ) =
32λ2
5N3(−1 + λ)(1 + λ) , (I.12)
where one uses the relations (I.5). It is easy to check that the operator product expansion
between J ′a(z) and R˜(4)(w) does not have any singular terms. That is, J ′a(z)R˜(4)(w) = 0.
This implies that the operator product expansion between J ′a(z) and the right hand side of
(I.3) gives no singular terms (the operator product expansion J ′a(z)T˜ (w) vanishes). Similarly,
one can check that the operator product expansion between Tˆ (z) and R˜(4)(w) does not have
any higher order singular terms 1
(z−w)n
, n > 2 by using the fact that T ′(z)R˜(4)(w) = 0.
The large N behavior for the zero mode of R˜(4)(z) is described at the end of the subsection
3.4 and due to the fact that this spin-4 field is the field W˜ (4)(z), one has also the relation
(3.44).
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